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A Semi-Markov Process based Optimization Method for Availability of Hybrid Flow Shop
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Abstract: As Hybrid Flow Shops (HFS) are common manufacturing environments, availability of HFS is a basic
indicator for measuring usage ability. Optimal maintenance strategy which achieves maximum availability with
cost constraints, provides a better platform for its scheduling problems. We propose an availability model in
this study by using Semi-Markov Process (SMP) under a general maintenance strategy which suit for general
distribution of machines’ life time distribution and maintenance time distribution. Based on the availability
model, the maintenance site configuration optimization method 1s with total cost constrains. Furthermore, the
method is applied to a simple hybrid flow shop and showed to be effective.
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INTRODUCTION

In reliability theory, availability is the degree to which
a system or equipment 1s in a specified operable and
comunittable state at the start of a mission, when the
mission is called for at random time. That means
availability 1s the proportion of time when a system 1s in
a functioning condition. Mathematically, it’s expressed as
one minus unavailability.

Hybnd Flow Shops (HFS) are common manufacturing
environments in which a set of n jobs are to be processed
in a series of m stages optimizing a given objective
funection (Ruiz and Vazquez-Rodniguez, 2010). There are a
number of variants, all of which have most of the
following characteristics in common:

¢ The number of processing stages m is at least 2

¢ Each stage p has M, >1 machines in parallel and in at
least one of the stages M, >1

*  Alljobs are processed following the same production
flow: stage 1, stage 2,..., stage k

In the “‘standard” form of the Hybrid Flow Shops
(HFS) problem, all jobs and machines are available at time
zero, machines at a given stage are 1dentical, any machine
can process only one operation at a time and any job can
be processed by only one machine at a time; setup times
are negligible, preemption 1s not allowed. Normally, the
data required 1s deterministic and known in advance,
including machine life time and maintenance time.
However, in many real situations, machines may be
unavailable due to different reasons, such as the periods
of unavailability when preventive maintenance-are also

called gaps known 1in advance (determimstic
unavailability) or breakdowns (stochastic unavailability)
(Besbes et al., 2010). Machines are not always available
during the scheduling horizon. So an optimal maintenance
strategy provides a better platform for flow shop
scheduling problem (Allaoui and Artiba, 2004).

HFS 1s a parallel-Series system with complicate
system behaviors when comsider maintenance. The
availability of this kind of system has long research
history. Colemean (1963) proposed ratio method for simple
behavior system. Wood (1994) summarized and elaborated
availability model with more complicate behavior which
more practical mamtenance strategy can be combined. But
that method required strong Markov property which
means it can only model for exponential residence time
between states. To lift this restriction, a lot of authors
began to use renewal process for modeling which can
model more general distribution but less complicated
system behaviors (Baxter ef al, 1982; Mettas and
Wenbiao, 2005; Zhang, 2002). To break the restriction of
exponential distribution and lacking of system behavior,
Semi-Markov process 1s used for modeling more practical
system’s availability (Cekyay and Ozelkici, 2010,
Gupta and Dharmaraja, 2011; Lopez Droguett et al., 2008;
Ouhbi and Limnios, 2003; Tomasevicz and Asgarpoor,
2009).

So, we proposed strategy
optimization method based on Semi-Markov Process
(SMP) 1n this study which can be divided mto two steps.
The first is to establish availability model of HFS system
using SMP method. Another one 1s to study how to find
maintenance strategy in order to achieve maximum HFS
availability.

a maintenance
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DESCRIBTATION FOR HYBRID FLOW SHOP

An availability optimization problem of the hybrid
flow shop in this study can be described as follows. Tt
consists of k stages with each stage p (1 <p<k) comprising
M, parallel machines which have independent failure rate.
Most importantly in our problem, there are p maintenance
sites focusing on the machies on all k stages, each
maintenance site can afford only one machine’s
maintenance task on each time; and when one machine 1s
being repaired, the other broken machines have to wait
until the under repair one’s maintenance task is done. The
efficiency and cost of the maintenance site is positively
correlated which means the shorter time maintenance task
consume, the higher cost of establishing the maintenance
site and higher cost for single maintenance task. To
ensure optimal maintenance site configuration, we begin
with establishing availability model for each stage.

We present the notations used in this study in this
section:

k = Number of stages

M, = Number of machines on the stage p, p = 1,
2,k

F.(t) = Life time distribution of machine j on the
stage p

G,(t) = Maintenance time distribution of
maintenance site of stage P

A(t) = The stage p availability of flow shop

XP(t) = State variable of state p at time t

A, = Failure rate of machines on stage p

M, = Mean Time To Failure (MTTR) of
maintenance site on stage p

Cr = Total cost of maintenance site configuration

C, = Maintenance configuration cost on stage p

AVAILABILITY MODEL OF FLOW SHOP

For each stage of flow shop, there are more than one
possible states: Perfect state (all machines is working
well), unperfected states (one or more than one but not all
machines are broken), stop state (all machines in the stage
is broken). We assume that the life time of machines in the
same stage 15 independent and identically distributed
(i.1.d) and maintenance time distribution of each stage are
known. So how to find the availability model of hybrid
flow shop can be answered by using a Semi-Markov
Process (SMP).

Semi-markov processes: SMPs take a standard Markov
process to another level by allowing the amount of time
spent in each state to be any positive random variable and
not just an exponential distribution. Sojourn time refers to
the length of a visit in a particular state of a system. This,

of course, is the significant difference between an SMP
and a standard Markov process (Tomasevicz and
Asgarpoor, 2009) Although, a standard Markov process
15 useful for the purpose of simplicity, semi-Markov
models are often preferred, when possible, as the
calculated results tend to be more comparable to actual
data.

In this problem, we divide the whole hybrid flow
shop availability into k availability of each stage. Each
stage has M, machines and several states shown as
below:

1 if all machines are working at time t

2 if only one machine is down at time t 1
JOERE (1)

M, +1 if all machines are down at time t

The states transmission relationship 1s shown as
Fig. 1.

Since, Q(t) = (Q,(t), 1, jeE) 1s kernel of semi-Markov
process of 2{(t) which can be defined as below:

Q1) = P(X(T,) = j, T, <t/X(0) = )

where, E 2 {1, 2., M+1}.

And {t,},., is the nth state jumping moment.

In this case, we consider the machines are breaking
down one by one which means the length of state
Jumping could not be longer than 1 and the maintenance
task begins immediately when any machine is broken. So,
the relationship of state transform matrix-SMP kernel is
defined as Equation below:

Qij(t) = P(X(T1) = j=T1 < t‘ X(O) = i)

P(only one of the working machines break when
maintenance task is unfinish) j-i=1

= < P(no working machine break when maintenance
task is finish)
0 else

jri=-1

M, +1-i
{ Y ‘}P(TL<t)P(TL>t)MﬂP(TM>t) j-i=1

=4P(T, 2 )™ P(T, < t)

jei=-1

Fig. 1: State transmission relationship
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As the life time distribution and maintenance time
distribution is known as F,(t) and G.{t), so the SMP kernel
can be written as:

(M, +1-DE, (00 -E)" 70~ G 1) j-i=1
Q,(h=10-E )" G 1 jri=-1 )

0 clse

Availability model: The availability model based on
Semi-Markov Process backward equations is obtained.
Defining:

G ()2 Q<LicE (3)
P,(H) = p(X(t) = ], t<1[X(0) = i), i, jeB )

So, we can describe the instantaneous availability as
A(t) = py(t). In order to obtain A(t), we have to transform
P and Q as below:

9:(8) = e Be(t)ds.520,ic E
&y(9)=["e*d0, (152 0icE
h (8)= j; e (1-G,(t))ds,s20icE
Gi(s)=[Te 4G, (152 0.icE

So, we can write semi-Markov bacloward equation as
Eq 5

o(8) = G+ Hs) (5)

where, H(s) = (§;11(s), 1, J€E), &; 1s defined as:

Lizi
5 =7
To0i#]

By solving the backward equation, we obtam that
o(s) = (1- Q(s))" His). Sothe Laplace form of availability can
be obtained by ¢(s) (1, 1).

And the steady state availability of steady can be
written as:

A, =lim(o@E)(L1)s)

And the hybrid flow shop availability 1s:

MAINTENANCE STRATEGY OPTIMIZATION

To make it easier to explain our method, we illustrate
a two-stage hybrid flow shop with two mamtenance site
and 3 machimes on each stage which 1s shown as Fig. 2
below.

Life times of machines on the same stage
independent and identically distributed with CDF
F(t) = l-exp(-A,t), maintenance time distribution 1s
3,0 = ut-p,), where A,>0, >0

By Eq. 2, we can obtain the SMP kernel of each stage
of this hybrid flow shop with defimtion of states
according Eq. 1:

0 e - e’”"‘)u(uy -1
Q= ¢ ult-p) At X
e ult—u,)
0 0
0 0
2e™ - e’HT")u(up -t 0
0 (e, -t
ult—u,) 0

Using the method we proposed in section 3 we can
obtain the availability of the whole flow shop and it has
form as below:

A=A, WAL A, pp) = A, W, A )

We assume the total cost C; includes the cost
of each repawr site configuration and the cost of

Stage 1 Stage 2
Machine 1 Machine 1 [
Machine2 1 Machine 2 >
Machine 3 H Machine3 |
Maintenance Maintenance
site 1 site 2

Fig. 2: Two-stage HFS
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configuration are inversely related to Mean Time To
Repair (MTTR) of each mamtenance site. So total cost can
be expressed as equation:

Cr =, C (1)

i=1

and 1n this case Cr = Cpyy (u )+Chp( ).

Bound of the total cost by adjusting the parameters
of each repair site in order to achieve the maximum
availability of the entire hybrid flow shop.

We can achieve the maximum availability of the entire
hybrid flow shop by adjusting maintenance sites
configuration cost with total cost constraining. So our
problem is converted to an optimization problem shown as
below:

Maximize

A, Ay, 1 (T ) 105 (Co )
subject to

Co =Gy +Coyy

Tt is a constrained optimization problem of a
single target. When the two stages machines’ failure rate
Ay =0.02, A, = 0.03 are given and relationship between
maintenance site cost and MTTR is:

3000
Ml u‘

which means the minimize MTTR can reach 0.6.

We can obtain the relationship between availability
of flow shop system and stage one maintenance site
configuration cost Cl by plotting the availability
expression of flow shop system with independent variable
C1, shown as Fig. 3.

0.0 -t T T T T >

0 1000 2000 3000 4000 5000
cl

Fig. 3: Cost-availability relationship

Thus we find that C, = 1961.5 and C, = 3038.5 can
maximize the hybrid flow shop availability to 0.873. That
means the small difference of single machine in different
state can result in bigger difference n maintenance site
configuration cost. And these conclusions can gude
follow-up scheduling works.

CONCLUSION

Maintenance sites can afford one machine’s
maintenance at the same time and may follow “first-come,
first-served” principal. In this study, we investigated the
hybrid flow shop availability optimizing problem with cost
constramts due to maintenance site’s MTTR on each
stage. So a two-stage HFS system 1s illustrated to show
how to establish availability model and how to optimize
it. Then availability model 1s established by using
Semi-Markov Process (SMP) for more general distribution
of life time of machines and mamtenance time. By finding
the global optimal solution, the optimal maintenance site
cost configuration is obtained by a simple cost model
given.

However, in the case, we assume the life time
distributions of machines are exponentially distributed
for simplicity. Numeral method for Laplace transform
{Cohen, 2006) 18 needed, if life time distribution comply
with general distribution such as the Weibull distribution.
Moreover, we can also establish availability model
considering preventive maintenance tasks or imperfect
maintenance task (Botta-Genoulaz, 2000; Carpov ef af.,
2012; Hmida et af., 2011, L and Liac, 2003; Linn and
Zhang, 1999; Liuet al., 2008; Uetake et al., 1995; Voss and
Witt, 2007) by more detailed definition of Semi-Markov
Process states.
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