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In this study, we estimate the parameters of Poisson model, P = {f, (x, &)} and
modified Poisson model, G = {g (x, A, a}. It is shown that the modified model of
Fisher information is less than the Fisher information of Poisson model. The
models have been compared with an illustrated example.
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INTRODUCTION

The Poisson distribution has been found to be an
appropriate mathematical model for studying such diverse
classes of discrete data as cells per square, the number of
noxious weed seed per unit of filed seed and the number of
defects per unit of a manufactured product. It was first derived
by Poisson (1837) and was later used by Von Bortkiewicz
(1898) to explain the occurrence of events in which the
probability of each occurrence was small. Dandekar (1955)
considered certain modified forms of Binomial and Peisson
distribution. Kale (1998) used optimal estimating equation for
discrete data with higher frequencies at a point. Dietz and
Bohning (2000} considered estimation of the Poisson
parameter in zero-modified Poisson model and Nasiri (2011)
utilized estimation parameter of zero truncated mixture
Poisson models. In this study, we consider estimation of the
parameters of modified Poisson distribution at zero point.

Suppose that when the observed frequency at c, is
much higher than expected, the model P = {f (x, &),
X = Cy, Cp, Cp..., 060} can be modified to the model
G ={gx A a), X = ¢y C, Cy..., 0@, 0<a<1} by using a
singular distribution at ¢, and peP in proportion of (1-&) to a.

Let random variable X from Poisson distribution with
parameter A

—Anx
P(X=x|n)=f(x0) =2,

x=012,_. .20 (1)
x!
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We know that family of Poisson distribution

P=4f{x, k), x = ¢, €, Cp..., D@} satisfies regularity
condition given by Cramer (1966). Therefore:
2
Hlogk and c lo‘zgf exist forany xe{0, 1,2, 3, .} and at
/8 an

each Ae(0), =)

dlogf . . .
. E( 607% J— 0 and the fisher information

610gf2 & logf
I;(A)=E|——| =-E
x(%) { an } ( @'

exists at each Ae(0, «) with I (A)>0. The family P will be
called a one parameter Cramer family. The Fisher information
for Poisson model with parameter of A as:

1 ()5 2B x0)

=0 o

is based on the above cramer family P, we define modified
poison model G = {g (3, A, o), X = ¢y, ¢4, Cp..., BEO, O<0<1 }.
In order to simplify and clarify the notion, we consider ¢, = 0:

a(x, A, o) = l-ataf (x, &), x =0
=af G, &), x=1,2,3,... 2)
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The new family G is a two parameter family and is
constructed to as accommodate higher probability at x = 0
under any g than under corresponding peP and consequently
lower probability under g at x = 1, i#0 then under the
corresponding peP.

MATERIALS AND METHODS

To begin with, we are trving to obtain Fisher information
modified model G:

g(x A, o) = l-atal (3, &), x =0
=al (x, &), x=1,2,3 (3)

Therefore, log g (x, A, o) for xe(0, 1, 2, 3,...) and (A, o)
admits continuous partial derivatives up to order two. In
addition:

@

Zg(x,l,oc)zl

=z=0

conditions
a Cramer

Hence, geG satisfies the regularity
of Cramer (1966) and therefore, G 1s
family:

logg(x, A, o) =log [l-otaf (x, 4)] x=0
= log{oytlog (f(x, &)y x=1,2,3... {4

logg(x, & o) = log [1-etaf (x, A)]  x=0
=log(a)tlog (f(x, &) x=1,2,3... 5
8logg(x,l,ot)7 71+f(x,l) 0
ot _l—ot.+ocf(x,l) - )
_1 x=12.3...
o
Gf(x,l)
610gg(x,?\.,ot) o . 0
= X =
oA lfaJrOtf(X,)\.)
o (x.2.) @
oA
= =1,2.3,...
F(x.7) x=hz3

Using the fact that Z f(x,A)=1-f(0,1) and
i=1
1-g{0, & o) = a1-[ {0, X)), we show that:

E{@logg(x,l,oc)}_o and E{@logg(x,l,oc)}_o
oL ah
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dlogg(x, 2,0 —-1+£{0,7) 1.&
E = 0,2 — A,
{ o 1—0:+0:f(0,}\.)g( ’ ,oc)-s-agg(x, %)

@

1
= 1+f{0, 1) +— fx,A
+f(0, )+a;a (x,)

— 1 E{0,0)+ S A) - F(0,A) =0

z=1

(8
dlogg(x, A, a) B af (x, ) 1
E[ o, }a 2 sono)S h)
af (x,1)
S
+xz=1: (07 of (x,1)
:otafg;il)Jrociafg;:l)f(x,?t)focaf(o’l):0
©)
To obtain Fisher information matrix I, (A, o), observe that:
2
IM—E{M}
dot
(-1+f(0) 1 e
= o((, A — A,
a0k el o)
(-1+£(00)) 1
=~ T 4 (1-g{0On, 10
g (02, o) +01.2( 8 Ot)) (10

C(F1ef(0)) a(1-£(0,0)
B g(O,l,oc) B o
C1+£(0,2)

_otg(O,?\.,oc)

Lo =T _E|:—61§gg alg}\‘gg:|
oL

of

L

0,1)
0‘(_1+f(0=;“)) an 1& 810gf(x,l)
= +—= —g(x,l,oc)
g (O, ?L,oc) (¢ Sy o1y
a(—1+f(0,l))+il dlogf (x, 1)
- — o
g(O,l,ot) oo o
B oc(—l-s-f(O,?\.)) 6f(0,7\.) . i Glogf(x,l)

= fxn
g(0,2,0) o = o (x.2)

B dlog£(0,2)

f (X, 7\.)

— =0 (0.0)
Ca{-1ef(oa))ef (o) ef(0n)
 g(0a) o o

B af(o,x)(l —at af(0,%)
o | g(ona) }

Y
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L= {alogg(x M cc)}

[af (0,) J — +i[610gf X, A)J e(xh0)

x=1

e T
[ (8 j 0,11,0&)*“11’“[%7@jf(0,x)
[ £(0.2 J Oalh,a)ﬁ-alp—(x{%;:mjzﬁ

o

[(1-ajaf(0,A) [[F{0.2)]

=al, —a(l-o)
(12)

Maximum likelihood estimators of (1, @): In this section, we
estimate the parameter for Poisson model as well as the
parameters of (A, «) in modified model. In fact we
estimate 1t in two cases. First, the estimation of, A, when « 18
known and secondly, estimation of « and %, while both are
unknown.

Maximum likelihood  estimators of & Let
X=(X.X,.....X,) be a random sample of size n from
Poisson model, when ¢ 1s known. Then:

mx, 1
log L{X, L)=-—nr> x log (A)— > log(x;!) (13)
dlogL(X,?L): : i:l n %
d?\‘ 55
Maximum likelihood estimators of (i, @) Let
X=(X.X,,...,X,) be a random sample of size n from

modified Poisson model, when both o and Aare unknown, then
it can result in the following equations:

L (X, 2, oc) = (g (O, 2, oc)nD H:ﬂu g (xl, l,a))
=k E
:[l—ourooe’qnn H:{ae » ]

x,!
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_ n-ng _llxl
log L(X.h,c) =, log (1 -0+ oe™ )+ Zlog{aex, ! J

1=1

=n, 10g(1—0:+0:e’l)+(n—nn)log(ot)—(n—nn)h

n-ng n-ng

7»); X, 7glog(x1 )

+log(

—h n-ny
S
1=1
lninnx =(n-n,)+ noe * (14)
Ae Yl —at e
L(Xhe)  m{-¢") (n-n)
S 1— o+ ae™ o (15)
nuoc(71+e’l)
n-n-————+=

1—o+ ae™

From the Eq. 14 and 15, It can be easily shown that:

l X _ nyct _n-n,
A (l-a)+ae™ 1-¢
w0 1)
X =
n-n ol-e?

0 i=1

To estimate of 2, we utilize the Eq. 16 as follows:

%~y =h(1) a7n

We can solve Eq. 17 by Newton-Raphson method.
Hence, the solution of the equation is as the form of:

Where:

With consideration of the estimation of A and Eq. 15,
furthermore, the related estimator is given by:

-
&= ri
1-e
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RESULTS AND DISCUSSION

To illustrate the correspondent models, we can use
Table 1. Where you can see the relationship between
frequency and number of germs in unit squares.

You can observe that the mean of sample
X =), =02134, to estimate the parameters of A and o under
the modified model g, we can write it in the form of:

L - o h(3)=1.581-1.110=0.474
—€

ninu =1

=0.2134+0.884=1.0974

-
&= r: =0.202
1-e™

where, Ep denotes the expected frequency under the Poisson
model. For compared these two modes, we computed both
statistically under the model as:

5 (F ~Bp,)
=3 2118219
b Z Ep,

Table 1: Correspondent models

Number of germs in unit squares  Frequency (F) Ep Eg

0 1419 1324.850  1422.560
1 149 282.720 121.320
2 42 32.430 66.570
3 16 24.350
4 6 5.20
5 5

6 1

7 2
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5 (F -~ FEg,)’
=Sl 3315
% Z Ep,

Therefore, you can observe that the modified
Poisson model is less than Poisson model (Poisson, 1837,
Von Bortkiewicz, 1898).

CONCLUSION

To conclude, we can observe that the modified model
gives us a better fit to the observed data. On the other words,
our results are more precise than the previous Poisson
model.
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