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Abstract

This study analyzes the overall size distribution of cities and towns of India in 2011. The size distribution of urban agglomerations does
not follow the Zipf's law. It is shown that lognormal (LN) distribution is fair at best and there are notable deviations, which occur over the
entire range of cities and towns. Then it have attempted to fit Double Pareto Lognormal (DPLN) distribution for the entire range of cities
and towns. The fit clearly indicates that DPLN fits the data much better than LN based on the computed values of Akaike Information
Criterion (AIC) and Bayes Information Criterion (BIC). It has also compared the model performance using LR tests and Bayes factors. The
results are consistent with the earlier findings for city sizes in the US and other countries.
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INTRODUCTION

Systems with measurable entities (which can be defined
by their size) are characterized by particular properties of their
distribution. The size distribution of cities is the result of the
pattern of urbanization, which results in city growth and city
creation. Initial attempts to fit Pareto distribution for city size
data were made'2. Significant contributions for the study of
city size distribution includes the study of many urban
researches®>, Pareto distribution breaks down when all cities
are taken without size restriction and the lognormal
distribution has been considered as the best representation
of the city size distribution®. For studying the city size
distribution of India and China with a threshold level, Pareto
and g-exponential distributions were used’.

Subsequently it has been proved that lognormal
distribution fits well only for small and medium sized places.
The true parametrization for the overall city size distribution
consists of a lognormal, which then switches to Pareto
behavior beyond a certain threshold size. Theoretical basis for
the functional form for overall city size distribution was not
provided®®. The problem has been resolved and
parametrization that fits the French overall city size
distribution closely is the double Pareto lognormal distribution
(DPLN)'C. It is stated that DPLN has an explicit theoretical
foundation and can be rationalized by an economic model
that combines scale-independent urban growth with age
heterogeneity a cross cities. Four statistical distributions were
identified to describe city size distribution and it has been
concluded that double Pareto lognormal distribution fits in a
best manner'.

MATERIALS AND METHODS

Data structure on city size distributionin India (1951-2011)
Definition of urban area under Indian census: The census of
India defines urban according to several criteria. Firstly, all
statutory towns-i.e., all places with a municipal corporation,
municipal board cantonment board or notified town area
committee etc. are defined as urban. Secondly, all other
places which satisfy the following three criteria are regarded
as urban: (@) A minimum population as urban, (b) At least
75% of the male working population is engaged in
non-agricultural and allied services and (c) A population
density of at least 400 km~2. Thirdly, some other places with
distinct urban characteristics are also considered as urban,
even though they do not satisfy the above criteria.

Urban size class under Indian census: Census of India
classifies urban centres into six classes. Urban centre with
population of more than one lakh is called a city and less than
one lakh is called a town. Cities accommodating population
between 1-5 million are called metropolitan cities and more
than five million are mega cities.

Urban population by size classification is based on the
following:

Class = Population

I = Greater than 1,00,000
I = 50,000-1,00,000

1] = 20,000-50,000

v = 10,000-20,000

v = 5,000-10,000

Vi = Lessthan 5,000

City size distribution in India (1951-2011): It has been
presented the datain Table 1inrespect of the number of cities
and towns under six classes noted above.

Urban agglomerations in India (1951-2011)

Definition of urban agglomeration in India: An urban
agglomeration may consist of any one of the following three
combinations:

« Atown and its adjoining urban outgrowths

« Two or more contiguous towns with or without their
outgrowths and

« A city and one or more adjoining towns with their
outgrowths together forming a contiguous spread

There are 468 urban agglomerations (UAs) in India as per
2011 census, which has a population of 26, 48,91 and 513.

Methods: The methodological aspects adopted for the study
arediscussed below. In respect of this it have considered Zipf's
law, lognormal distribution and double Pareto lognormal
distribution. The definition and estimation of parameters of
these distributions and briefly presented and empirical
findings are presented in subsequent sections.

Zipf's law: The product of the population size and the rankin
the distribution of a city approximate a constant'. Rank size
relationship for examining a wide variety of issues was
studied?. The simplest representation of this relationship in
Eq.1is:

a=pr’ M
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Table 1: Size distribution of cities and towns in India (1951-2011)

Class | Class I Class Il Class IV ClassV Class VI
Census year >1,00,000 50,000-1,00,000 20,000-50,000 10,000-20,000 5,000-10,000 <5,000 Total
1951 69 107 363 571 737 372 2219
1961 108 145 478 710 634 254 2329
1971 156 208 609 848 604 237 2662
1981 227 309 797 1046 748 271 3398
1991 326 401 1033 1247 790 189 3986
2001 448 498 1389 1564 1043 235 5177
2011 505 605 1905 2233 2187 498 7933

where, a is a constant, p is the population of a particular city
and r is its rank according to population size. When the
exponent b equals-1, it is referred to Zipf as the rank size rule.
In a natural logarithmic form this relationship can also be
expressed as in Eq. 2:

Inp=atbinr 2)

where, a is the estimate of the intercept value, which is also
the estimate of the natural logarithm of the population of the
largest city and b is the estimate of the slope coefficient of the
rank size curve. The b-coefficient is the derivative of the
logarithmic function. It evaluates the percentage rate of
change in population size associated with the percentage rate
of changeinrank.Onadoublylogarithmic paper, the rank size
rule suggested by Zipf's appears as a straight line descending
from left to right at an angle of 45, indicating a slope of-1.

Lognormal distribution: The probability density function of
the lognormal is given by:

2952
e—(lnx—y} 126’ X > 0
v 2noX

f(x)=
where, pand o? are the mean and variance of Inx, which in this
case denotes the natural logarithm of the population of the
cities. The maximum likelihood estimates for u and o? are
given by:

Zln X\ n 2

and 6% = %Z[In (- R]

i=1

DPLN distribution: An extensive study on the rank-size
distribution for human settlement was attempted':

(- Lﬁ[g;ﬂe(ﬁuu +ﬁ]¢c[ log ()~ +BG§]+ Su,le[wo . %}b[ log (9~ 1, ~ 5 H

o+p 2 G, o,

The parameters o and B are the coefficients to regulate
the tails. The location and spread of the distribution are
determined by W, and g, ® and ®¢ = 1-® represents the
normal CDF and complementary CDF, respectively. A special
feature of this distribution is that if S is large, than f(s) ~ s
and if S is small, then f(s) ~ s*'. The DPLN, therefore
incorporates a Pareto distribution in the upperand areverse
Pareto distribution in the lower tail.

Estimation of the parameters of DPLN by the method of
maximum likelihood (MLE) and fitting of DPLN: For
estimation of parameters of double Pareto lognormal, method
of maximum likelihood has been proposed'.

The steps are indicated below:

«  The starting values for o and B are found by regressing
(on log-log scales) descending rank vs size for large
settlements and ascending rank vs size for small
settlements

«  Specifically if o and B are the starting values of a and B,
starting values of p and o are determined asin Eq. 3
and 4:

S _y_B-a
p=y b (3)

. B—a 2_ ol +p?
G_Jsi{ o ) Z[aﬁf(wmj @

where, y and & are the mean and sample variance of the

logarithm of observed sizes.
RESULTS AND DISCUSSION

Urban agglomerations in India: Zipf's law: Initially it would
like to examine whether Zipf's law holds good for the UAs as
per 2011 census data. The data was arranged, so that UAs are
labeled with their respective rank. The standard rank-size
regression was run as stated in Eq. 1 by simple Ordinary Least
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Fig. 1: Results of a Zipf regression, using 468 UAs
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Fig. 2: Kernel density estimate of the overall size distribution
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Fig. 3: Kernel density estimate and lognormal distribution
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Squares (OLS). The rank size relationship is graphically
illustrated in Fig. 1, where the log population size of UAs on
the horizontal line and their log rank in the vertical line was
depicted. When estimating the rank size regression for
these 468 UAs, a slope coefficient of b = 0.969 with a standard
error of o = 0.004 was obtained. The estimated slope
coefficient deviates from one and this clearly reveals that Zipf's
law does not hold good for UAs in India.

Overall city size distribution 2011 census: Subsequently it
has been attempted to study the overall size distributions of
cities and towns in India. The analysis is based on the
definition of urban as per 2001 census of India. In Fig. 2 a
Kernal density estimation of the size distribution across all
7933 cities and towns was depicted, where the population
sizes are in logarithmic scales, see the solid curve. It can be
very well concluded that a Pareto parameterization cannot
possibly fit the overall city size distribution for India. The log
settlement sizes rather appear to be close, at least visually to
a normal distribution.

Does the lognormal distribution fit the overall city size
distribution: Lognormal distribution has been proposed for
studying the settlement populations'. The theory relating to
the convergence of overall city size distribution of a country to
lognormal distribution has been established®. It has been
depicted that a Kernel density estimation of the size
distribution across all 7933 cities and towns, see the broken
grey-line, which represents the fitted lognormal distribution.
This is illustrated in Fig. 3. The lognormal does not feature a
power law in the upper tail and hence, it is not compatible
with the Zipf. It can be then investigated that, whether the
suggested lognormal parameterization fits the Indian city size
data. Using maximum likelihood estimation, this study find
that the best fit of a lognormal parameterization to the
empirical size distribution is achieved with parameters yu=
9.705 and ¢ = 1.076.

It is to be noted that a pure visual inspection will reveal
that the overall fit of the lognormal is fair at best. It is observe
that there are notable deviations, which occur over the entire
range of size of cities and towns. The data also exhibits a slight
skew to the left. This is a distributional feature that by the
lognormal, which is symmetrical in logarithmic scales.

Results based on DPLN and a comparison with lognormal
distribution: The fit for the size distribution of cities and
towns in India is achieved with parameters:

@=1735 B=1.901, p,=9.705 and o,=0.741
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Table 2: Estimated parameters and formal selection test
Size distribution of cities and towns in India 2011

DPLN LN
o 1.735 -
B 1.901 -
i} 9.705 9.755
o] 0.741 1.076
AIC 175606.002 178454.558
BIC 175633.917 178468.516
In (L) -87799.001 -89225.229
LR (p-value) 2852.556 (0.0001)
Bayes factor <0.0001
Jeffrey’s scale Strong for DPLN
N 7933
Minimum 5
Maximum 12442373

In Fig. 4, the dotted black line represents the fitted
DPLN distribution. Already visually itis clear that DPLN fits the
data much better than LN. The DPLN is almost everywhere
closely in line with empirical city size distribution, while this is
not in the case for the lognormal.

The DPLN fits the data better than the lognormal almost
throughout the entire range of distribution. It has been
computed that the log likelihood values for the lognormal
distribution and double Pareto lognormal distribution. Based
on these values it have been calculated the value for Akaike’s
Information Criterion (AIC) and Bayes Information Criterion
(BIC). The results are presented in Table 2. The DPLN with
lower numerical value of AIC s favored as the best one from a
statistical point of view. For comparing model performance it
can use either likelihood ratio test or Bayes factors. In respect
of using the likelihood ratio test, the test statistic is given by
LR=2[In (Lppy)-In (Ln) 1. It has been shown that Bayes factors
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can be approximated by using Schwarz criterion (BIC)™. For
comparing DPLN and LN, it can be computed that Bayes
factors as B ~ exp (V), where, V = 1/2[BICppy-BIC\]". The
value of B isinterpreted by using Jeffrey’s scale. The result
clearlyindicates that thereis strong evidence in favor of DPLN.

The earlier studies that analyzed size distribution of cities
have mainly focused only on the upper tail (largest
metropolitan areas) because of the high concentration of
people in the large cities and data for large cities were readily
available. Many studies have shown that Zipf's law for upper
tail cities is a regularly observed phenomenon'®'?. During the
last decade urban researchers have made attempts to study in
detail the overall size distribution of cities and towns in many
countries of the world because of the availability of data over
the entire range of cities and towns in a country'®'3, Keeping
these points in view an attempt has been made to examine
the suitability of two statistical distributions viz., lognormal
and double Pareto lognormal distribution for the size
distribution of cities and towns in India.

The double Pareto lognormal provides an excellent date
fitto the overall size distribution of cities and towns in India for
the census year 2011.1t is a four parameter distribution
(=, B, p and o) featuring a lognormal shape in the body and
power law in the tails. The parameters « and B are the slope
parameters of the Pareto tails, where the parameters pand
o pertain to the location and scale of normal body. In
logarithmic scale, the DPLN can be skewed and its kurtosis can
have positive or negative excess i.e., it can be more peaked
(lepto kurtic) or more flat (platy kurtic) than the lognormal.

CONCLUSION

In this study, it has been shown that double Pareto
lognormal provides an excellent fit to over a size distribution
of cities and towns in India for the census year 2011. The
distribution features a lognormal shape in the body and
power law in the tails. The findings may reconcile the debate
about city size distributions between the urban researchers
and thereby also build a bridge to the older Zipf's literature.

«  Systematic empirical research on the age profile of cities
within a country is still a largely neglected topic in urban
economics and there is little empirical study on the
evolution of the number of cities in a country, when it can
be considered that the small settlements are to be
included in the analysis

«  The fitting of double Pareto lognormal for regional city
size distribution may be attempted for further
understanding the regional structure of the populationin
a country for planning purposes
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»  From the point of view of urban economics the study of
city size distribution has deep economicimplications and
studies in this respect may be attempted
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