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Abstract

Background: The discontinuous Galerkin method for the approximation of a partial differential equation solution has some advantages
comparing to the classical finite element method. Objective: This study aimed to provide a numerical approximation of the wave equation
solution derived from Maxwell's equations. Methodology: This study applied the discontinuous Galerkin method for approximating the
electric field which is solution of a wave equation that derives from Maxwell’s equations in a tridimensional domain. Results: Some
discrete inequalities on discontinuous spaces for Maxwell's equations were presented and a discontinuous Galerkin method for the
numerical approximation of the solution of the wave equation was analyzed. Its hp-analysis was carried out and error estimates that were
optimal in the mesh size and slightly suboptimal in the approximation degree were obtained. The DG spatial discretization was
augmented with the second order Newmark scheme in time and some numerical results were obtained. Conclusion: The results of the
study can be applied for approximating solutions of several partial differential equations.
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INTRODUCTION

In this study, we present and prove some discrete
inequalities on discontinuous space for Maxwell's equation
and we analyze a hp-discontinuous Galerkin method for the
wave equation in stable medium with perfect electric
conductor boundary. Approximate continuity is imposed by
including penalty terms in the form which defines the
method. This method was analyzed for advection-diffusion-
reaction problems'? and for the approximation of second
order elliptic equations®. An interior penalty finite element
method with discontinuous element has beenintroduced and
analysed*. This method is inspired from the DG method with
the addition of penalty terms. For the time-harmonic
Maxwell's equations,a hp-DG version has been presented and
analysed>. For the plane-wave discontinuous Galerkin method
we refer to Atchesons.

The problem considered for the most of this study is the
initial-boundary value problem derived from Maxwell's
equations in stable medium with perfect electric conductor
boundary:

UmCVX(U(X)VXU(X, 1)) = f(x, 1), (x, )eQxI

Ve(e (X) u(x, 1) =g (xt), (x, H)eQxI
nxu(x, t) =0, (x, t)eoQxI
u, (x, 0) = u, (x), XeQ (1)

where, Q is a convex polyhedron included in R3, | = [0, T]<R.
We suppose that the functions y, € are sufficiently smooth and
satisfies 0<€n<| €(X)| <E€mayx AN O<Umin<| LX) | <Himax fOr all X in
Q with a constants €y, Emax Mmins Mmax- 1€ Ug and u, are in
Ho(VX, Q)nH(V-, Q), gel? (I, L2 (Q)), f is defined on QX1 and in
L2(l, L2 (Q)3). Physically, uis the electric field, fand g are related
to a current and charge density, respectively. Moreover,
Mogoc?=1,where Yy=4n10~7 H'-m~"and g,~(36x10°) ' F-m~"are
the magnetic permeability and the electric permittivity in
vacuum, respectively. In fact, many of the results proved are
valid solong as Qs a bounded, convex domain with Lipchitz,
connected and simply connected boundary. If we assume that
Qisastable medium with perfect electric conductor boundary
and if u is the exact solution of Maxwell's equations, then u
belong to H'(Q)? as described by Duvaut and Lions’.
Let ], bea partition of Qinto tetrahedra. We denote by F

the set of all interior faces, F° the set of exterior faces and F,,
the set of all faces of the partition. For ecF,, we denote by (,).;
i.e.,, thescalarproductin L%(e)* or L%(e) furthermore we identify
2o (e 10 () the scalar product in L2 (9Q)* or L2 (6Q). The
scalar productin L2 (Q)® or L? (3Q) is denoted by () and is
identified to ernh (-)x with (,) is the scalar product in L? (K)?

or L2 (K). For the other spaces and notations used in this study
we refer to Zaghdani®.
In order to define the average of VX u in the formulation

Eq. 5, we set for s>%

Hs (VX, TTh): = {viv|KeH® (K)* and VX (v|K)eH® (K)?, vKe] ]}

Finite element spaces: Let p = (p)Ke]],, be a degree vector
that assigns to each element Ke[], a polynomial
approximation order pg=1. The generic hp-finite element
space of piecewise polynomials is given by:

S(I1,) ={ue *(Q): u|K e S (K) VK e1,}

where, $« is the space of real polynomials of degree at most
pxin K.
Now, we set:

2, =Ly ()

We define the local parameters hand p as h=min (hy, hy),
p = max (p, Px) in the case of interior faces and h = hy, p = px
in the case of boundary faces®’. In the following of this study
o denotes a stabilization parameter and will be chosen
depending on the local mesh size and polynomial degree.
We consider the same definition of this parameter as by
Perugia and Schotzau® and Zaghdani® and define o= K%

with a strictly positive constant «.

MATERIALS AND METHODS

Formulation for the Maxwell problem: In the notations of
Zaghdani®, we can state the basic integration by parts
formulas:

v, ueH* (TT)3% YweH* (I,

We have'®:

(Vxu,v) = (u,V xVv) +(nxu, v)

# 3 ([ul ), ~ (vl A, 3
e<h,

and:

(V- (eu),y) = — (eu, Vy) +{euny)

+ %([su]N L), + ([l {ew n), (4)
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In order to derive a weak formulation of Eq. 1, we note
that Eq. 3 implies for any u with:

uVxueH(Vx,Q);
A (V(ux(Vxu)),v)=c*(uvV xu,Vxv)-a(u,v)

1

1
=% (u2V x u,u2V x v) —a(u,v)

where, we have denoted by:

a(u, v) = — ¢ (nx(uvxu), v) + ¢ > [V, {uV x u})
)

= 702<(;N><u), vxn>+cze§<[v]T, {quu}>

e

= c2<(wxu), [V, >+02 §<[v]T A uVXU}>e
= &([Vly, (uVxu))+c? §<[V]T. {nv=u})

=’ Z (VI fnv <),
och
Now, we introduce the penalty term via the form:
J(u, v) = Ju, V)+F (u, v)-a(v, u), u, veH'([T,)°
Where:
J(u, v) = (V-(eu), V-(ev)) u, veHY([T,)°
and:

J"(u'v) = Z‘ <0[SU]N‘ [SV]N> +Z <G[U]T7[V]T> , UVe Hl(l_[h)3
ech, € ech, e
We also define:

A, (u,v) = Cz(p%V x U, H%Vx v) —a(u,v) —a(v, u);
A(u, v) = Ay(u, v)+I(u, v);
B(u, v) =A(u, v)+J(u,v)

Now, since J, (u, v) = (g, V-(ev)) for the exact solution u of
Eq. 1, then u satisfies:

(Up VI+B(U, V) = (f, v)+(g, V-(ev))vveH! (VX, [T)
Properties of the bilinear form

We
discontinuous Galerkin norm and set for ueH' (VX, [T,):

Mesh-dependent norm: now, introduce the

83

1 2
Jull = uf* + [w2vxul +|v-u)f +

%{ uvxup

2
0,F,
e|vateuy | +lvetu;,

We start by studying the continuity of the bilinear forms
introduced above. We have:

Proposition 1: v, ucH' (VX, T,

law.v)]<clul, M, -
7 @v)|<Clul, M,

with a constant C independent of h and p.

Proof: The proof can be easily obtained from the definition of
A, J°,|-| and the Cauchy-Schwarz inequality.

In order to study the coercivity of the bilinear form,
we start by introducing the following inequality of
Poincarré-Friedrichs type valid for ueH' ([],)>.

Lemma: Let ueH' ([],)* and o the stabilization parameter
defined previously, then there exists C independent of h and
p such that:

Juf* < SVl +[V-uf* + 3 |olule + 5 [VoTul[} )
echy 08 ek, Oe

Proof: Since I is simply connected we have the following
orthogonal decomposition':

L2 (Q)® = H, (VX0, Q)eH (VX0, Q)

Therefore, for ueH' (I, uel? (Q)* and we can write
u = u;+u, with:

6)

u,eH, (Vx0, Q) and u,eH, (V-0, Q)

Since u; = H, (VX0, Q) we can write u, = Vq with
ge H; (). Also u, =V X ¢ in Q avec dpeH(V X, Q)nH,y(V-0, Q)2
In particular, the traces of ¢ are well defined. Note that the
inequality Eq. 6 implies that:
[uff = [(Va+V <) (Va+Vxo)
Q
= [l +[vxol)
Q

=[val" +[vxol
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Using the
we obtain:

integration by parts Eq. 3 and 4,

Jul? :ju.Vq+ju.vXq>

—qu u+f<pwu+2f([u1Nq [l o)

ek e

+ 2 (- ma+ (nxujo)

ethe

Since, qeH}(Q):

Ju? =—qu UV xu)+ 3 [ (ulya-[ul¢)

e<H e
+ijxm¢

el e

We can get:

0 < vl + 9 + Yol [ +3 HJE[ulT jf
borc| e &

1

% ([af* +|of

O,e O‘e

Itis clear that:
|of < Cvaf <Cluf?

Since, peH (VX, Q)nH, (V-, Q) and V-¢ = 0. We obtain for
the first inequality™:

ol < vl
<Cvaf?

<Cluf®

+[vol)

Using the trace inequality?, we get for every face
eek,:

1 7 _cf1
i sc[hq;quvq“j

IN

1
<l ol ool vl
Ch[ \

1 1 1
s+ et el

IN

on(lals , +lal; )

84

By adding:
1 2
2 2
b s IR L PRI
<C(laf+|val’)
<Cluf?

Similarly and using the fact that the embedding of
H (X, Q)nH, (v, Q) in H (Q)3is continuous, we can estimate:

2

Zeeﬁ

—l P
o
and obtain:

<clel,

2
<
- C"(P"H(Vx, Q)NHy (V-, Q)

<Cv ol +[v o)
<cfvxof
<clulf
Therefore, we get:
1
2
o sc[v-u%vwz [ 2ot ] uf

which is equivalent to:

Jul* < C[VUZ v

N Ze"'Z"\/g[U]T
A=

2
Oe

Remark: If we use the assumptions on p and g, the
definition of the bilinear forms A and J° we deduce in
particular that there exists a constant C independent of h and

p such that:
Jull* < cA, u) +  (u, u))

Now, the following coercivity result on the discrete space
>, holds.
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Proposition 2: There exists two constants a>0 and C>0
independent of h and p such that:

B(v,v) 2oV +CF (v, v) Wwe),

Proof: Let us first recall the following inverse inequality:

2
o, <GP, vaes (k) 7)
K

with a constant C;,,>0, only depending on the shape regularity
of the mesh. For the two dimensional elements, the proof of
Eq. 7 can be found by Schwab'. For the three dimension
space, the proof is analogous?.

Now, let a be an arbitrary real number and choose vez,.
Then:

B(v, V) —a|v[} = 1- 0)A(V, V) + (1- o) (V, V)
—2a(v,v) - o [{uV x}* / ods— ot|[v[}
A

Since, {VXv} is the average of the flux at the face of two
elements K;and K; the corresponding integral can be splitinto
twointegrals with integrands (VX v)/o and (VX v)/ceach one
associated with the elements K; or K;, respectively. Therefore,
let ecF,,and consider the integral associated with the element
K. Using the inverse inequality, we have since VXX, c3;:

CI nv

[(vxv)? 1 ots=2 v, <
A o [ X h

LA ®)
hK o,K

So that, selecting o to be equal to xp%*h in Eq. 8, we
obtain:

~[(Vxv)* I ods> Ci—”vHvaHj .
e K '

In particular:

~[(VxV)* [ ods> -
f K

C 2
= 3 Vv,
Kell, ’

2—C‘—”VA(V, V)
K

Now, from the definition of a (v, v) we can get for all €>0:

2a(v, v) < 25_‘. o[V +3jikuv x v}|2
A €50

From the previous inequality and the definition of J° we
obtain:

—2a(V,V) = —2¢J°(V,V) ECi—”VA(v, )
K

€
It then follows that:

B(v, v) —afv[} > (1—a—ah—gc‘—m—aC)A(v, V)
K € K

+(1-a—-2c—aC)J (v, V)

The previous inequality is true forall >0, taking ¢ =1/«
we obtain:

B(v,v) —a|v[f = (1-«a —acﬂ—ch—aC)A(v, V)
K K

+(1—u—%—u0)36(v, V)

C:inv _ZCJ
>(1-0(14C)-o i 7 YAV, V)

+(1-a(1+C) - i) J(v, V)
K

N

We can choose « sufficiently large and:

l_ 2C:| nv

e

a<min L —_—
21+C) "1, G, ¢
K

and obtain:
B(v, V) —av]f = CF (v, V)

Now, the following hp-approximation resulttointerpolate
scalar function holds.

Proposition 3: Let K[, and suppose that ueH'* (K), t, >0.

Then there exists a sequence of polynomials
T (U) e % (K), pe =1 2.... satisfying:
hEin(pKuAK)—q
Hu—ng: (u)Hqu sCWHthKl K VO<qg<t, (9)
Furthermore, if t,>1:
hrmn(pKJrl‘lK)—%
L N L (10)
P 2
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The constant C is independent of u, hy and p¢ but
depends on the shape regularity of the mesh and on
t:maxKE”h tK.

Proof: The assertion in Eqg. 9 has been proved by Babuska and
Suri’*  (Lemma)
three-dimensional domains, the proof is analogous?. The
assertion in Eq. 10 has been proved by Perugia and Schotzau®.

In order tointerpolate the vector functions, we define the

following.

for two-dimensional domains. For

Definition: For u (U, U, uy) we define
[Ty - H (VxIT,) > >, by TTH(u) = (5 (u), mp(U,), 7o (Us)) with 7
is defined by m(u), =my(u,) where, mx is given in
proposition 3.

Model problem: If u is the exact solution of the Maxwell
problem, then u satisfies:

(U, VB (U, V) = (F, V)+(g, V- (ev)) YveH" (Vx, T],)

The interior penalty finite element approximation to u is
to find uM:I-%, such that:

(U, v)+B(U", v) = (f, v)+(g, V-(ev)) Vvey,
u"(0) =113 (uo)
ur(0) =115 (w)

(1)

Upon choice of a basis for =, and the data f and g,
Eg. 11 determines uh as the only solution to an initial value
problem for a linear system of ordinary differential
equations. Note that if u is the exact solution of Eq. 1, then u
satisfies the first line in Eq. 11 and thus the problem is
consistent.

We now analyze the proposed procedure by the method
of energy estimates.

A priori error estimate: In this study, u denote the exact
solution of Eq. 1 and u" the discrete solution of Eq. 11.
The Cis generic constant independent of h and p which takes
different values at the different place sand depends of i,
Umaw Emine Emae T & C the coercivity constants of the form
Band Q.

Let ¢ = u"-u, then ¢ satisfies:

(o V)TBE, v) =0 Wvex,

86

Decompose ( as and
v =TT u)-u".

Note that [n]y=[nlron F xI and [nl;=00n F?xI thus:

nv where, n=IT}(u)-u
(Ut(v V)+B(Dv V) = (T]nv V) +A (nv V) vVezh
Since, v, (t)eX,, we can set v = v, (t), obtaining:

Z<HOF + 3-SBM, v(®) = 0, (0, v, 1) + A, v, (1)

<3 + 2o OF + A, v, 1)
So:
Lo @ +-EB, o)< OF + o +2AME)., 1)
Since, v(0) =v(0) = 0, integration over [0, tl<l, yields:
ot @] +B(o(®), v(t)

ez, + [l O] dt+ 2] A(®), v, (et

The final term may be integrated by parts in time.
Hence:

2[ A( (), v, (O)dt < 2]AM (1), v ()] + 2[|AM (O, v ()] dt

Therefore, we can apply the coercivity of Band continuity
of Ato get:

o, O] +a|o®] +CF (o (®), vt)
<y o OF ool Jnco,
+2j;|A(nt(t),o(t))|dt

<Pl o, +.E o (t)"zd”q\”(t)\\ﬁ +q‘n(t)H:
Lo + oo
gc["m

+2of+cf o, Off + oo et

T
2ol o o
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In particular:

o, O + o +F 0 ®),0(1)

<c[||m

(o] o] o

t
3O+ flncolbe

As this holds for all tel, Gronwall's Lemma implies that:

[o®f +[o®]; + I (o(t), v(t))

2 1 2 (1 3)
< C HT]“HL () +SUpHT’|(t)Hh + IHT]‘(I)tht
tel 0

Since, {=n-vand J°(y, 1) =0:

lct @I + s + I &), &)

el -2pbof - Jlnof a -,

Then, error bounds for the finite element approximation
to the true solution reduce to the error bounds for the
piecewise polynomial interpolant. Thus, we start by estimating
HU—HB(U) .+ Where [T} is defined after proposition 3. By using
proposition 3 and the definition of ||, we obtain the
following proposition.

Proposition 4: Let u be the exact solution of Eq. 1 and
suppose that ug, t), e H* (K)®, forany tel with t>2, then we
have:

2 h2# -2 2
Jut, -G ) <€ 3 = fue o, vte!
Kell, pK b
and:

Vtel

h -q
Hu(-, - (u(, t))HqYK <Cu, v, vo<qst,,

where, g = min (p+1, t) and Cis independent of h and p.

In  order to obtain an  estimation  of
le. +|c @[ + 7 €. <), we apply the previous
proposition and get the following.

Proposition 5: Let u be the exact solution of Eq. 1 and
suppose that u, eC*(I,H*(K)?), VK eI, with t(>2.Let u"the
discrete solution of Eq. 11, then the error { = u,-u satisfies:

87

lee @ + Hcmuz +J7(E(1), &)
<CZ 2!K (" 2 (H (K)3) " ||L (H‘K(K)))

+CZ ZtK (" ||L2<H‘K(K)3 " "L”(H‘MK))

where, pg = min (pg+1, t) and Cis independent of h and p.
RESULTS AND DISCUSSION

We shall now present some numerical results which verify
the sharpness of the theoretical error bounds stated in
proposition 5. To obtain a full discretization of our wave
equation, we choose to augment our DG spatial discretization
with the second order Newmark scheme in time".

In our example, the DG stabilization parameter is set to
x=10.The functions pand € in Eq. 1 are supposed constants
and equal to 1.

Timediscretization: The discretization of Eg. 1in space by the
DG method Eq. 9 leads to the linear second order system of
ordinary differential equations:

MU" (1) + Au" (1) = (1), tel (14)
with initial conditions:
Mu"(0) = uf, M"(©0)=u" (15)

where, M is the mass matrix and A the stiffness matrix. To
discretize Eq. 11 in time, we employ the Newmark time
stepping scheme'. We let k denote the time step and set
t, = nk. Then the Newmark method consists in finding
approximation {u"}, to u"(t,) such that:

(M + KBA" = {M—kz(%—B)A}ug +KMUP . k2 {sm(%—ﬁ)fﬂ (16)
and:

(M + KZBA U = {M—kz(%—ZBﬂ)A}u:
—{lvlJrkZ(%ﬂs-y)A}u*n1l
e {Bfm(;—zﬁw)fnﬁ}

e {(%—zw)m}
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Table 1: Errors in the L? (Q) norm and in the energy norm

h Ju-U"lo 0 p=1 Ju-ulo.o p=2 norm 1= [u-u"loq p=1 norm 2 = |u-u"jo,o p=2
04367 0.48550E-01 0.2109E-01 0.2295E+00 0.1305E+00
02184 0.2500E-01 0.2540E-02 0.1617E+00 0.3875E-01
0.1733 0.1513E-01 0.8845E-03 0.1333E+00 0.2051E-01
0.1379 0.8141E-02 0.3891E-03 0.9205E-01 0.1137E-01
9.268E-02 0.3868E-02 0.9734E-04 0.6540E-01 0.4521E-02
7.703E-02 0.2552E-02 0.5080E-04 0.5328E-01 03111E-02
127 % Nuﬂlle(fri;a'OVfUS solution of a linear system with the matrix M. However,
— y=In(h) -0 T . .
-1.4- because individual elements decouples, M is a bloc diagonal
% . .
L6 with a bloc size equal to the number of degrees of freedom
' perelement. It can be inverted at very low computational cost
-1.81 and the scheme is essentially explicit. In fact, if the bases
T 504 functions are chosen mutually orthogonal, M reduces Eo the
E © . . ) .
5 identity’ and the references therein. Then, with y== the
£ 227 explicit Newmark method corresponds to the standard
2.4 leap-frog scheme.
a6 For B>0, the resulting scheme is implicitand involves the
' solution of alinear system with the symmetric positive definite
-2.84 stiffness matrix A at each time step. We finally note that the
. 1. -
Y e — second order Newmark scheme with y = = isunconditionally
1 .
26 -24 -22 -20 -18 -16 -14 -12 -10 -08 stable for BZZ whereas, for l>Bzo the time step k has to
In(h . -
nt be restricted by a CFL condition. In the case B = 0 the
condition is k®A. (A)<4 (1-g), £€(0, 1) where, L. (A) is the
Fig. 1: Error of the energy norm with p =1 maximal eigen value of the DG stiffness matrix A.
In our test, we will emplcl>y the impllicit second order
209 % Numerical values * Newmark scheme, setting vy == and B == inEqg.16and 17.
—— y=2n(h) -0.5 2 2
Example: We consider the three dimensional wave Eq. 1 in
QXI:=(0.1)*%(0.1) and data f, g, ugand u, chosen such that
the analytical solution is given by:
)
E
2 sin(t(y*-y)(z*-2))
= u(x, y, z, t) = | sin(t(x*-x)(z2-2)) (18)
sin(t(x*-x)(y*-y))
This solution is arbitrarily smooth so that our theoretical
60 assumptions are satisfied. We discretize this problem using the
0. T T T T T T T T T 1
26 24 22 -20 -18 -16 -14 -12 -10 -08 polynomial spaces P® (K)’, p = 1,2 on a sequence [], of
In(h) tetrahedral meshes. With decreasing mesh size h smaller time

Fig. 2: Error of the energy norm with p =2

Forn=1,2,..N-1.Heref,:=f(t,) while, =0 and v 2% are
free parameters that still can be chosen. We recall that for
Y= % the Newmark scheme is second order eiccurate intime,
whereas, itis only first order accurate for y > Forp=0,the
Newmark scheme Eq. 16 and 17 requires at each time step the

88

step kis not necessary, because the scheme is unconditionally
stable.

We show the relative errors at time T = 1 in the energy
norm, as we decrease h and we remark that the decrease of
the energy norm as a function of the mesh size h is of order
one for p 1 and of order two for p = 2. Then the
numerical results corroborate with the expected theoretical
rates of O(hP) as we decrease the mesh size (Table 1, Fig. 1, 2).
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CONCLUSION

In this study, a discontinuous Galerkin method for the
discretization of the wave has been proposed and its hp-error
analysis has been carried out. The hp-error estimates obtained
are optimal in the mesh size and suboptimal in the
approximation degree. Some numerical results are given to
confirm the convergence rates as a function of the mesh size.
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