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ABSTRACT

The aim of the present research to study and develop the generalized fractional integral
operators. First, this study establishes two results that give the image of the products of two
H-functions and a general class of polynomials in Saigo operators. These results, besides being of
very general character have been put in a compact form avoiding the occurrence of infinite series
and thus making them useful in applications. Present findings provide interesting unifications and
extensions of a number of (new and known) images.

Key words: Fractional integral operators by Saigo, Riemann-Liouwville and Erdelyi-Kober, h-
function of severables wvariables, general class of pelynomials, Mittag-Leffler
functions

INTRODUCTION

The study is developed generalized fractional integral operators of a function fix) introduced
by Saigo (1978) (for details see also Kilbas and Saigo (2004)).

Let ¢, B, 1 be complex numbers. The fractional integral (Re (¢)>0) of a function f(x) defined on
{0, =) 15 given by:

(I;;B’“f)(x): i_(u_ﬁ) i{[(x—t)OH 2E[a+ B,—n;a;l—ijf(t)dt, (0<x) (1)
and
(If‘ﬁ‘”f)(x)_ﬁ]:(tx)&_ltuﬁzﬂ[owrﬁ,n;a;l%]f(t)dt, (0<x) (2)

where, I is the Gauss hypergeometrie function.
When, p = -¢, the above Eq. 1 and 2 reduce to the following classical Riemann-Liouwille
fractional integral operator (Samko et al., 1993):

(5=70)) =15 -0 £, 0 ®)

and

()=o) g e 0 ®
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Again, if p = 0, the Eq. 1 and 2 reduce to the following Erdelyi-Kober fractional integral
operator (Samko ef af., 1993):

—o-m X

(x—t)"" 6 {t)dt,(0 < x0) (5)

(150 )(x )= (I of
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and:

(=) ~(5.8)0) = - e 0 (6)

The H-function occurring in the paper is defined and represented in the following manner
(Srivastava ef al., 1982):

l B 7
HYY z(b B) :Eiﬁp(g)z dzi=f(-1)
Fe(o-BeTrl-s, -ag)
o(e)=— = ®
Hll"(lfijrBJ@)l:[lF(anAJ@)

The nature of the contour L of the integral 7, the conditions of existence of the H-function
defined by 7 and other details can be referred in the book mentioned above.
The H-function of several variables 1s defined and represented as follows (Srivastava ef al.,

1989):

On:m; . n;.;m,n, 4 (aj;aga---aagr))l,p1(C;=Y;)1,pl;---; (cgr),vgr))l,px
H [z.,...z,]=H :
P Ppas Pl | g (b Bl 1d)80), e (B ED),
1 r
, [_j [ foulz) o (8 )wlan g o akde, e,
2m LoL (9)
where:
T ey 0, 0
IT F(dJ - &) I1 F(lfcj + i &)
L T
¢i(§i) = J : P (10)
n ro-d’+sl) 1 re-y)
j=m +1 j=n,+1
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Irl[ r(l—a1+zr:a51);)
W&, 8 = i=1 - Vel (11)
%rafbﬁzs?)g) I T(a, - > olle)

_]:1 i=l j:n+1 i=1

It 1s assumed that the various H-functions of several variables occurring in the paper always
satisfy the appropriate existence and convergence conditions corresponding appropriately to those
recorded 1n the book by Srivastava ef al. (1982). In case r = 2, it reduce to the H-function of two
variables (Srivastava et al., 1982).

Also, 8™ [x] occurring in the sequel denotes the general class of polynomials introduced by
Srivastava (1972):

MM
SHNERY %AM X5 N =0,1,2.. (12)
K=0 .

where, M is an arbitrary positive integer and the coefficients A (N, Kz0) are arbitrary constants,
real or complex. On suitably specializing the coefficients Ay ;, 5" [x] yields a number of known
polynomials as its special cases. These include, among others, the Hermite polynomials, the Jacobi
polynomials, the Laguerre polynomials, the Bessel polynomials, the Gould-Hopper polynomials, the
Brafman polynomials and several others (Srivastava and Singh, 1983).

Preliminary lemmas: The following lemmas will be required to establish our main results.
Lemma 1: (Kilbas and Sebastain, 2008): Let «, B, 1 be complex numbers. The fractional integral

(Re(e)y>0) and (Re(u)>max{0, Re(p-n)}) then there holds the following relation of a function
f(x):

o het __WwTiprn P .
(155 )(X)‘r(u(ifi)g(“‘)ﬁ)x h

In particular, if p =-¢ and f = ¢ in Eq. 13, We have:

(I;t”l)(x)_%xwm, Re(cc)>0,Re(p)>0 (14)
(I;’mt“l)(x)—%x“, Re(a)> 0,Re(p.)>—Re(n). (15)

Lemma 2: (Kilbas and Sebastain, 2008): Let ¢, B, 1 be complex numbers. The fractional
integral (Re(e)>0) and (Re(p)<1+min {Re(pf) Re(n)}) then there heolds the following relation of a
funection f(x):

wpmety oy L(B-pCn—p+1)
(I-B t )(X)_r(1—u)r(o¢+ﬁ+n—u+1)X E (16)
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In particular, if p = -¢ and p = ¢ in Eq. 16, Author has:

F(lfccfp)

It )(x) = word R R 0 (17)
( - )(X) F(l—].l.) x i e(p')> E(OL)>
- T{n-p+l) (18)
p=1 _ p-1
(Kmt )(X)i—l"(lprrchrn)X ) Re(u)<1+Re(n).
MAIN RESULTS
Image (1):
{Igen (t““ (b—at) " S¥ [tl (b—at)"s}
s e (b t)_ml g e 1~ (b t)‘m: C],cj Ly, ( )
W —a o wot™ (b-a X
" (b.B), | ™" (4.D;),
AL i (19)
w, X% |7 .
:b—vxp.—[il ‘\%ﬂ ( N)MK A b li lKHggmlnlmznjullﬂ W:ng Tl.(aJ, ])1F1 :( ! ])lpz
i Kl i T,:(b,,B;) :(d D) 2(0,1)
—EX AT g NPT ?
b
Where:
(i) T,=(1-v-8Kim,o,,1),(1-p—2K;5,,0,,1),(1- p— 2K -+ p;0,,0,,1) (20)
T, ={1-v-8K;0,,6,,0),(1-n+ B~ 2K;6,,6,.1),(1-p—a-n-21K:6,,6,,1)
(1) apmwv.do,0,,w,w,abeCand Ao,c, >0 (21)
|argwl|<l§27cand Q=0
(ii) .. (22)
where, Z +ZA— ZB—ZA
j=1 =1 j=my+l =+l
|argw2|<lQ'Tcand Q>0
i) (23)
where Q'= ZDJrZCfZDfZC
j=my+1 j=ny+1
Re(cc)>0and
Re(p.)+('51 min Re i +o, min Re d— Inax{O Re(Bfn)}
(v) l<j<m, B l<jem, D (24)

Re(v)erl min Re[%Jerz min Re[i]>max{0,Re(Bn)}

l<j<m,
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(vi) |2yt (2h)
b

Proof: To establish the Image 1, first express the general class of polynomials cccurring on its left-
hand side in the series form given by Eq. 12, replace the product of two H-functions occurring
therein by its well-known Mellin-Barnes contour integral given by Eq. 7, interchange the order of
summations, (£, £,)-integrals and taking the generalized fractional integral operator inside (which
is permissible under the conditions stated with Eq. 19) and make a little simplification. Next, we

express the following binomial expansion for (b -ax) ™

So, obtained in terms of Mellin-Barnes contour integral (Srivastava ef al., 1982). Now,
interchanging the orders of integrals (which are also permissible under the conditions
stated with Fq. 19), it takes the following form after a little simplification:

Lt n=y SRRy o o) g oe, by

! “~= K! N.E (2ni)3 ! 1 W 1L2 2 W3 2
_[ F(v + 3K+ o8 +mE, + ﬁg) [—ET i, (I?;B_ntwmqs,ngﬂé—l )(x)
5 D{v+oK+ef + ok, )T{1+8,)

(28)

b

Finally, applying the lemma 1 and re-interpreting the Mellin-Barnes type contour integral thus
obtain in terms of the H-function of three variables defined by Eq. 9, we arrive at the right hand
side of Kq. 19 after little simplifications.

If we put p = -& in Image 1, Author arrives at the following new and interesting corollary

concerning Riemann-Liouville fractional integral operator defined by Kq. 3.

Corollary 1:

12 (t (b-at)" Su[ e (b-at) ]

A | w1 (b —at) ™ o), H2 |t (b —at) ™ ek, (x)
" (bj’Bj)uh o (dJ’DJ 14
: (27)
o~ Ny W1x°1 Tl':(aJ,Aj)LlQl ;(Cjacj)l,pj.’_

A b—SKX?.K HD,2 ml,nl.,m2 ,n.g,l,ﬂ W XU2
NE 2,200,150 ,45: 0.1 2 1]
. Tz:(bj,BJ)qu-,(dj,Dj )1’%-,(0,1)

——X

— b—v Xp.+u;—1 L Z

koo K!

148



Asian oJ. Applied Sei., 5 (3): 144-153, 2012

Where:

T =(1-v-8K 0, m,,1),
(lfp.*)uK;Gl,Gz,l)

Ty =(1-v—8K;0,0,,0),

(1— W—ci— hK;cl,cz,l)

(i)
(28)

where, the conditions of existence of the above corollary follow easily with the help of
Image 1.

Again, if we put p = 0 in Image 1, we get the following result which is also beloved
to be new and pertains to Erdelyi-Kober fractional integral operators defined by Kq. 5.

Corollary 2:

{I;:u(tﬂ-l (b- at)fv Sg [tl (b- at)fa}

a, A,
1 1 1p,

We
HEm | wot™ (b-at) o J)Lpg
b B])qu (dJ’DJ)

iz

(x)

(29)

JSE

HI A o 17 (bf at)_m' E

>}
w x7 | ) .
vl ran (=N _E K 7 0.2y gy 0y 10 : p Tl'(aJ:A])Lpl ’(C]’C])l,pz’
R T e DX | WX
K-0 ' TZ:(b.,B.) ;(d,D.) (0,1
—ix Py TN T g,

b

Where:
(i) T'={1-v-8Kim,e,.1),(1-p-n-21K:0,,5,.1) (30)
Ty=(1-v- 8K;0,0,,0),(1- p— o1~ 3K; 5,,0,,1)
and provided that:
(ii) Re(w)>0  and
Re(p)JrGll<1311Snm1Re[—1]+621<1;11Snm2Re[g—]}}>Re('q) a1)

and the conditions (11) to (iv) and (vi) in Image 1 are also satisfied.
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Image (2):

{IE"M (t“" (b—at) " St [tl (b- at)_s]

LA L, C
B Hp Wzt”“(b—at)fm’ (CJ J)
(b;:B) (4:D,),,

PR g PR,

Hpios | w t® (b - at)iml
(32)

. MM N, i » T}Z(aJ,Aj)lpl Q(Cj,cj)m;,
v upe - Bty g g 11 A : ;
=b’x Z K! Ayg DX H3,3p1,m,pmz,ﬂﬂ Wik

K0 '

o [T(b:B) (dDy) c0)

Where:

(i) T :(l—v— SK;col,c)],l),(p.— [3+7\.K',Gl,62,1),(p.—1"|+7LK',GI,GZ,1) (33)
T, :(1*\1*SK',OJI,COE,O),(}J.+KK;GI,GE,I),(}L*OL*B*T]‘F?\‘K',GI,GZ,I)

provided that.:
(ii) Re(cc)>0 and
Re(n)-o, min Re 5 -o, min Re 4 <1+min{Re(B),Re(n)}
l<jem, \ B l<j<m, i (34)
b
Re(vi+o min Re[—J
l<jem, \B

sz min Re[i} 1+min {Re(B),Re (1)}

l<j<m, i

and the conditions (ii) to (iv) and (vi) in Image 1 are also satisfied.

Proof: We proceed on similar lines as adopted in Image 1 and using lemma 2.

If we put p=-0 and f = 0in Image 2, in succession we shall easily arrive at the corresponding
corollaries concerning Riemann-Liouville and Erdelyi-Kober fractional integral operators,
respectively.

Corollary 3:

{If‘(t”’l (b-at)" Sl (o) ]

A .C
(a] J)l,pl s WztU’ (b -~ at)wh (CJ 1)1,192

Hfm | w t (b - at)fw'
Pt 1 Pa.lla
(bJ, B, )qu
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WMl N
:bfvxu.ﬁxfl KZ:U ( K)FMK AN,K bfi:KXIAK
35
P W1X: (1—v—SK;031,0)2,1),(&-5-LL+7»K;61=02,1):(aJ,AJ)Lpl ;(CJ’C])IM;_ (85)
Drpnanpand | WK
P10, L (1—v—SK;ml,mz,O),(pﬁ-?LK;GI,GE,I):(bj,BJ)uh; (dj,DJ)L%;(O,l)
b
Corollary 4:
K. (t‘“ (b—at) " S¥ [tl (b- at)_§:|
HoE | w it (b—at) s H% | w ot (b—at) ™ Ok (x)
ll,‘ 11 Wl 1 — 4 :,‘: W2 2 — 4 X
" (bJ’BJ )1,511 v d]’DJ)l.qz
R v (-N) _ (36)
=b™ pel ME A b &M
X KZ:n e AwebdTx

W1X°1 (1*V*SK;(Dp@g:l),(H*T}+7“K;51:52:1)3(aJaAj)l‘pl ;(CJ,Cj)l,p2;7

0,2:m; ny;my ng;1.0 o
H WX

2,20y iPg 23 0

(17 v— SK;ml,mz,O),(pfccfn +AK; 01,62,1)2 (b. B )1,q1 ;(dj’Dj)1,q2 ;0,1

12777
——X

The conditions of wvalidity of the above results follow easily from the conditions given with

Image 2, Corollary 1 and 2, respectively.

SPECIAL CASES AND APPLICATIONS

The generalized fractional integral operator result 1 and 2 established here are unified in
nature and act as key formulae. Thus the general class of polynomials involved in image 1 and 2
reduce to a large spectrum of polynomials listed by Srivastava and Singh (1983) and so from result
1 and £ we can further obtain various fractional integral results involving a number of simpler
polynomials. Again, the H-function of one variable occurring in these results can be suitably
specialized to a remarkably wide variety of useful funections (or product of several such functions)
which are expressible in terms of generalized Wright hypergeometric function, generalized Mittag-
Laffler function and Bessel functions of one variable. For example:

« If we reduce the first H-function in Image 1 to the exponential funection by taking o, A, ©,, 6-0
and SM to the Hermite polynomial (Srivastava and Singh, 1983; Szego, 1975) and by setting:

Sy [x]—=x"H, {ﬁ}

in which case M = 2, Ay = (-1)%, we have the following interesting consequences of the main

results after a little simplhification.
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afon | el VN2 1 — vty 7m0 P - 03 C],Cj)‘lﬂz
{Epnl et (b—at) " 0V H, x e H | w,t™ (b—at) D (x)
1 1 L
(37)
WX Se,c) -
e e | e
_prghhe K (%) D,El,l],rnz,ni,lﬂ —— .
1<Z=;' K 20,1 p + 011 za TZ:(0,1);((1],[)])1:%,(1—v;m2);(0,1)
b
Where:
(i) T =(1-v;0,0,,1),{1-p-K: Lo, 1),(1- p-K-n+p;l,0,,1) (38)
T, =(1-p+p-K Lo, 1), (1- p—o—n-K;Lo,,1)
The conditions of validity of the above result can be easily derived from Image 1.
Further on letting w, and w,~0in the above result, it takes the following form:
{I”ﬂ[t“(b t) " 7 H {1 }Hm o g e (x)=bxet ST (a4
¢ —d | 2 [P | ¥t X)X NK
i (d]’D])1% £=0 K!
’ (39)
03 e g L0 Wax (1—V;O,l)a(l—M—K;Ggal),(l—M—K—THB;Gg,l):— ;(Cj’cj)l,p; -

2:0,1:p,.q,+10, a . . . .
32 0.Lip, 44101 _EX (1-p+B-K;0,,1),(1-p—o—n—K;5,,1):(0,1); (d],DJ)l (1-v;0);(0.1)

>
A2

If, we put p = -a and v, N-0 and make suitable adjustment in the parameters in the Kq. 37,
we arrive at the known result (KKilbas and Saigo, 2004).

If, we reduce the H-function of one variable to generalized Wright hypergeometric function
{(Srivastava ef al., 1982) in the result given by Eq. 39, we get the following new and interesting
result after little simplification.

C
wp, ~ - 1 o ek J)l.p; I [1/2] (-N)
{ID*BH (tP- 1 (b—at) tNﬂHN {W} I lu% Wzt d (X) =b'x" p-1 k;:n 'MK A-N_K

J’Dj ™
(40)

L0101 WK™ (17v;O,l),(lfpr;Gz,l),(17u7K7n+B;Gz,l):f .’(CJ’CJ)LFE o
FALLE S 7%)( (1-p+B-Kio,.1),(l1-p-a-n-Kio,,1):(0.1); (dJ’Di)l (1-v;0);(0.1)

>
Az

The conditions of validity of the above result can be easily derived from Image 1.
If, we put p = -« and v, N-0 and make suitable adjustment in the parameters in the above
result, we arrive at the known result (Kilbas, 2005).
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If, we take
occurring therein to, generalized Mittag-Laffler function (Prabhakar, 1971), we easily get after

= -1 and g, =1 in the Kq. 39 and reducing the H-function of one variable

wWe

little simplification the following new and interesting result .

AT | ¥ N2 1 P v K -N 2K K
1z {t (b-at)”t HN{ﬁ}Em‘n[t])}(x) = b ?(p)zﬂ %(ﬁ)

(41)
wx (1=v;0,1),(1-p-K; L1),{1-p-K-n+p L1): - {1-p)—

5zt o {—%x (1-p+p-KL1),(1-p—o—n-K;L1):(0,1); {0,1},{1-v;0},(1-n;m};(0,1)

The conditions of validity of the above result can be easily followed directly from thoese given
with Eq. 19.

If, we put P = -« and v, N-0 and make suitable adjustment in the parameters in the above
result, we arrive at the known result (Saxena ef al., 2009),

If, we take p = -& and v, N-0, ,. = 1/4, 0, = and reduce the H-function to the Bessel function
of first kind in the Eq. 39, we also get known result (Kilbas and Sebastain, 2008),

A number of special case of Image 1 and 2 can alse be ocbtained but we do not mention them
here on account of lack of space.
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