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ABSTRACT

This study is an investigation on upper bound for the chromatic number of a graph. In this
study, it has been extended the concept of an upper bound for the chromatic number of a graph
to total graphs. Further proved that the chromatic number, y(T(G) <[s/s+1(A(T(G)+2))] for any
graph G where A{(T((3)) is maximum degree in T((3), s be the maximum number of vertices with
same degree,
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INTRODUCTION

Determining chromatic number ¥(G) is an old and hard problem. A classical result of
Brooks (1941) says that () <A{(n)+1, where, A{(3) 1s the maximum degree in G. In addition,
Brooks (1941) showed that the complete graphs and odd cycles are the only graphs for which the
upper bound attained. Excluding the existence of smaller complete sub graphs can further improve
the upper bounds for ¥((), as it can be seen from the result obtained independently by Borodin and
Kostochka (1977), Catlin (1978) and Lawrence (1978). Stacho (2002) has made a note on upper
bound for chromatic number of a graph. Prarcopa and Rao (2011a) established a Lattice in Pre A*-
Algebra. Prarcopa and ERao (2011b) obtained Pre A*-Algebra as a Semilattice. Kao and
Satyvanarayana (2010) made a Semilattice Structure on Pre A*-Algebra. Rao and Kumar (2010).
contributed the structure of Weakly Distributive and Sectionally *Semilattice. Prarcopa and Rao
(2011b) obtained Logic Circuits and Gates in Pre A*-Algebra. Rac and Rao (2010) desrived
Subdirect Representations in A*-Algebras. Satyanarayana et al. (2011) obtained Prime and
Maximal Ideals of Pre A*-Algebra.

Recently, Pramada et al. (2012) made a characterization of complex integrable lattice functions
and mu-free lattices.

Most upper bounds on the chromatic number come from algorithm that produces colouring. For
example assign colours to the vertices yields () <n(Q). This bound is best possible, since,
(K =n, but it holds with equality only for complete graphs. We can improve best possible bounds
by cbtaining another bound that is always at least as good for example, %(G)<n(G) uses nothing
about the structure of (G, we can do better by coloring the vertices in some order and always using
the least available colours.
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Fig. 1: The exam scheduling problem

TERMINOLOGY AND PRELIMINARIES
In this study, we consider only finite graphs. The terminclogy and notation not presented here
can be found by West. (1996),

Definition 1 (Clark and Holton, 1991): The minimum number of cclours needed to color the
vertices of a graph (G so that no two adjacent vertices are the same 1s called the chromatic number
and is written by % (). For example, if Gis the 3-cycle or triangle graph, then ¥(G) =3

Note 1: Figure 1 represents the exam scheduling problem. Each vertex stands for a course. An edge
between two vertices indicates that a student 1s taking both courses and therefore the exams cannot,
be scheduled at the same time. Each exam time slot is associated with a color. A schedule that
creates no conflicts for any student corresponds to a coloring of the vertices such that no adjacent,
vertices receive the same colour.

Definition 2: Let G be a graph with vertex set V(&) and edge set E(G). The total graph of G,
dencted by T((3) is defined in the following way. The vertex set of T{((G)i1s V((3) union E{G).

Two vertices x, ¥ in the wvertex set of T((3) are adjacent in T{(Z) in case one of the

following holds:

(1) x,varein V(Q) and x is adjacent to yin G

(i) %,y arein E(Q) and x, y are incident in G

(111) x 18 in V((3), y 1s in KE(() and %, y are incident in G

Note 2: By the condition () of definition 2, we can conclude that (G 1is a sub graph of T(().

Example 1: Consider the graph G given in Fig. 2. It is the cycle with three edges. We may denote
it by C,,

V(G) = vy, vy, v B(G) = e, f, g}
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Fig. 2: Graph of G

Fig. 3: Graph of T{(3)
Let us construct the total graph T (G) of G:

« VTG =V(@H vEG) ={v, v, vsef g

*«  Bince, (Gis a sub graph of T((3), it follows that e, f, g € E (T(()
+  Since e, f£ K(G) are adjacent in G, of € E(T{G)

* Sincef, ge K(Q) are adjacent in G, f_g c E(T(G)

*  Since g, e € K(G) are adjacent in G, g_e c E(T(G)

*+  Since v, e V((3), e € E(G) are adjacent in G, E c B(T{(G))

s+ Sincev,e V((3), e € K(G) are adjacent in G, v,e € E(T{G)
s Binece v,e V(Q), f € E((G) are adjacent in G, E e E(T(G)

+  Bincev,e V(3), f € E(G) are adjacent in G, .1 € E(T(G))

3

+  Bince v.e V(3), g € E(G) are adjacent in G, @ c E(T(G)
+  Bince v, e V(3), g € E(G) are adjacent in G, \E c E(T(G)

The graph of T((3) 1s given by Fig. 3.

Definition 3: In graph theory, a k-degenerate graph is an undirected graph in which every sub
graph has a vertex of degree at most k, that is, some vertex in the sub graph touches k or fewer of
the sub graph’s edges. The degeneracy of a graph is the smallest value of k for which it 1s
k-degenerate. The degeneracy of a graph 1s a measure of how sparse it 1s and is within a constant
factor of other sparsity measures such as the arbor city of a graph.
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Result 1: Greedy coloruing: The greedy colouring relative to a vertex ordering v,,....... v, of V{(3)
is obtained by colouring vertices in the order v ,....... v,, assigning to v, the smallest-indexed colour
not already used on its lower indexed neighbors.

Result 2: For any graph G, y((3) <A{(z)+1.

Proof: In a vertex ordering, each vertex has at most A((G) earlier neighbors, so the

greedy coloring cannot be forced to use more than A(Q)+1 colers. This proves constructively

¥ (G <A(G)+]1.
Result 3: If a graph G has degree sequence d,2d2d=.......... d., then, ¥(G)<1+Max, min {d,, i-1}.

Proof: We apply greedy colouring to the vertices in non-increasing order of degree. When, we
colour the ith vertex v, it has at most min{d,, i-1} earlier neighbors, so at most this may colours
appear on its earlier neighbors. Henee, the color we assign to v, is at most 1+min {d,, i-1}.This holds
for each vertex, so we maximize over i to obtain the upper bound on the maximum colour used.

Note 3: The bound in the result 3 1s always at most 1+A{(), so, this is always at least as good as
result 2.

UPPER BOUND OF THE CHROMATIC NUMBER OF TOTAL GRAPHS

The existence of smaller complete sub graphs can further improve the upper bounds for x{G),
as it can be seen from the result obtained independently by Borodin and Kostochka (1977), Catlin
{1978) and Lawrence (1978). We extend the result to total graph T(() for any graph G.

Proposition 1: If K £T(G) for a total graph of any graph G, where, 4<r<A(T{G))+1, then:

(TG < %(A(T(G)) +2)

This result 1s in fact nice application of Brooks theorem and the result the following result,

observed by Lovasz (1996): if d,+d+d+........... d zA(T(G))-q+1, then V(T(G)) can be decomposed in
to classes V,, V,,....... , ¥V, such that the subgraph G, induced by V, has A(G)=zd,. Letting
q =|(AT(CGH+1Mr |, d, =d, = ... d,, =r-1 and d_>r-1 so that Xd,=A{T{G))-q+1 give the upper bound.

If a graph has only small complete sub graphs, then proposition 1 substantially improves
Brooks upper bound. However, if the graph 1s dense, then it usually has large complete sub graphs
and hence, the upper bound from proposition 1 is almost the same as the original Brooks upper
bound. In what follows, we give another relaxation of Brocks (1941) theorem based on the
following invariant. Let V, denote the set of vertices of degree i in the graph T(G). Now, we define
S = max, pqepay | Vil 1.2, 8 1s the maximum number of vertices of the same degree, each at least

(A(T(CGN+212),

Proposition 2: For any graph G, y(T(G)) <[s/s+1{A(T{G)+2) ]
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Proof: Let d,>dz2dz=........... >d be the degree sequence of T(G). We let k = [s/s+1(A(T(G)+2) ] We
claim that d, <k. If:

_A(TE)+2
2

d

k

then since, s=1, the claim is true. Otherwise:

L ATG) +2
2

d

k

Now fori1=1, 2, 3

) ) yree s

k:

d = A(T(G)){ %1 < A(T(G))—(i—l)ﬂ = A(T(G))_i+ 2
5 S

i
5
In particular:

d, < AT(G)- K422k
5

as claimed.
It follows that T{((3) is K-degenerate it 1s well known that vertices of any k-degenerate graph

can be properly colored with at most k colours. Thus, we have:
s
WT(G) < {— (A(T(G)+ 2)}
s+1

Note 4: We observed that in some cases Proposition 2 gives much better upper bound for (T (G))
as proposition 1 does. Also note that proposition 2 does not use Brook’s theorem.

Results 4: We determined that chromatic number of a total graph T(G) for any graph G,
. r—1 ]
K(T(G)) < mln{T (A(T(G)) +2), (;(A(T(G)) + Z)W}

Note 5: The following example demonstrate the result obtained in results 4.
Consider the graph G given in Fig. 2 It is the cycle with three edges.
Figure 3 is the total graph T (G) of the graph G.

In Fig. 3 A(T(3)) = 4.
518 the maximum no of vertices with same degree =6

We find:
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s 6

—(AT{(GH+2) | =| —(E+2) | =514 |=6

LH( (G )W {6+1( ﬂ [5.14]

If K.¢T(G) for a total graph of any graph G, where, 4<r<A(T{(()+1), A(T(G) =4
Now:

AT 1+ 2) = %(4+ 2)=45
r
Hence:
7(T(G)) < minf— L (A(T(G))+2), (—i I (ACT(G)+ Z)W}
r 5

¥ (T(G))<min{d.5, 6}

The actual Chromatic number, x(T{((3)) 18 3 which 1s nearer to the minimum of the upper
bounds obtained in propositions 1 and 2.

CONCLUSION
This study has attained an upper bound for the chromatic number of total graphs and
established that the chromatic number of total graph is:

2(T(G) < { (A(T(G)+ Zﬂ
s+1

for any graph G. Also, it has been provided a new dimension for the chromatic number of total
graph. The chromatic number of total graph is:

U(T(G)) < mm{% (ACT(G)+2), lecA(T(G)) + 2)}}

FUTURE EXPANSION

we may extend the concept of upper bounds for 1-quasi and 2-quasi total graphs.

REFERENCES

Borodin, O.V. and AV. Kostochka, 1977, On an upper bound of a graph's chromatic number,
depending on graph's degree and density. J. Comb. Theory Ser. B, 23: 247-250,

Brooks, R.Li., 1941. On colouring the nodes of a network. Math. Proc. Cambridge Philos.
Soc., 37: 194-197.

Catlin, P.A., 1978 A bound on the chromatic number of a graph. Discrete Math., 22: 81-83.

Clark, J. and D.A. Helton, 1991. A First Look at Graph Theory. WorldScientifie, USA., pp: 121-155.

Lawrence, J., 1978, Covering the vertex set of a graph with sub graphs of smaller degree. Discrete
Math., 2: 61-68.

245



Asian J. Applied Sei., § (4): 240-246, 2012

Lovasz, L., 1996, On decomposition of graphs. Stud. Sc1. Math, Hungar., 1: 237-238,

Pramada, J., J. Venkateswara Rac and D.V.5.R. Anil Kumar, 2012, Characterization of complex
integrable lattice functions and i-free lattices. Asian J. Math. Stat., 5: 1-20.

Praroopa, Y. and J.V. Rao, 2011a. Lattice in Pre A*-algebra. Asian J. Algebra, 43: 1-11.

Prarocpa, Y. and J.V. Rao, 2011h. Pre A*-Algebra as a semilattice. Asian J. Algebra, 409: 12-22,

Rao, J.V. and A. Satyanarayana, 2010, Semilattice structure on pre A*-algebras. Asian J. Sci. Res.,
3: 249-2B7.

Rao, J.V. and E.SR.R. Kumar, 2010, Weakly distributive and sectionally *semilattice.
Asian J. Algebra, 3: 36-42,

Rao,J. V. and P.K. Rao, 2010. Subdirect representations in A*-Algebras. Asian J. Math. Stat.,
3: 249-2B3.

Satyvanaravana, A., J.V. Rao and U. Suryakumar, 2011. Prime and maximal ideals of pre A*-
algebra. Trends Applied Sci. Res., 6: 108-120.

Stacho, L., 2002, A note on upper bound for chromatic number of a graph. Acta Math. Univ.,
Comenianae, 71: 1-2.

West, D.B., 1998, Introduction to Graph Theory. 2nd Edn., Prentice Hall, India, ISBN-
13: 9780132278287, Pages: 512.

246



	Asian J. of Applied Sciences.pdf
	Page 1


