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Abstract

Background and Objective: Tuberculosis (TB) is an infectious disease that poses a threat to the human population in the world.
The aimed of study discussed are to build a model SIR and SEIR tuberculosis disease transmission and analysis for both models.
Methodology: The SIR model is a system of ordinary differential equations four dimension and SEIR model is a system of ordinary
differential equations five dimension.Both models are then analyzed by building a mathematical theorem, which guarantees the existence
of a case of TB, the disease-free equilibrium phase and stage of disease endemic TB. Results: Three theorems proving using the
Lyapunov function method. Basic reproduction number R, also be obtained from the two models, namely, if R;>1 then obtained
asymptotically stable equilibrium endemic globally and if the basic reproduction number Ry<1, acquired the disease-free equilibrium
global asymptotically stable. Conclusion: The results of both models can be used to determine the status of TB disease in a region by
conducting a simulation using data in the region.
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INTRODUCTION

World Health Organization (WHO)' states that in 1995,
0.33 of the world population has been infected tuberculosis
(TB), 9 million new patients and 3 million deaths worldwide,
95% of TB cases and 98% of deaths worldwide occur in
developing countries.

The TB infection can be divided into two kinds, namely,
latently infected and actively infected. Latent infected is a
condition, in which the patient’s body found in TB bacteria
that are dormant (sleeping), does not cause TB disease in the
patient’s body, butin a certain period of time that are dormant
bacteria was able to get up and be active. People who are
infected with latent called latent TB patients. A person with
latent TB is not spread by TB bacteria to people who are
vulnerable to TB disease. Actively infected is a condition in
which the patient’s body to be active TB bacteria breed and
cause symptoms of TB disease. Actively infected person is
called active TB patients. People with active TB disease can
transmit TB to people who are susceptible to tuberculosis?.

People with latent TB and active TB patients can be cured,
but they are not immune or resistant. Within a certain period
of tuberculosis patients who had recovered can be re-infected
TB. The events of the infection by tuberculosis bacteria can be
described thatin a population is divided into subpopulations.
Namely subpopulations are susceptible that are vulnerable to
TB disease, infectious latent is a population of patients with
latent tuberculosis, active infectious is a infected TB disease
and recovered patients are cured of latent tuberculosis?.

Mathematical models have found several study propose
compartmental dynamics such as Susceptible, Infected and
Recovered (SIR) models*® and Susceptible, Exposed, Infected
and Recovered (SEIR) models®™.

Inthis study, analysis of the global stability for the models
SIR and SEIR will be studied by Lyapunov function method.
This method is a powerful technique for multidimensional
system for establishing conditions for global dynamics of the
four dimensional SIR model and the five dimensional SEIR
model of TB disease. Both models are resolved through the
use of Lyapunov functions adopted from Tewa et a/'> and
Syafruddin and Noorani™. In particular, this study follows
closely the ideas used recently by Syafruddin and Noorani'® to
establish the global stability of the endemic equilibrium.

MATERIALS AND METHODS

SIR model formulation for TB: Changes that occur in every
human population on the transmission of TB disease SIR
model adopted by Side' can be interpreted in the form of
Fig. 1.
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Fig. 1: Human population for TB transmission SIR model

The rate of change in the number of people who easily
infected with respect to time is [%) affected by the number
of births thatis p,N, a human population reduced the number
of people infected by the virus directly yB,1,S;, the number of
peopleinfected by the virus frominfected humans are healthy
B.Sy, and the number of people who die u.S, can be
interpreted as follows in Eq. 1:

ds,

p M

=Ny =BrS, = vBulnS, — 1nS,

The rate of change in the number of people infected with
respect to time is {%) influenced by the amount of human
population has been infected because the virus directly
reduced the number of deaths of infected human population
Upl, and the number of human populations to recover from an
outbreak §,l,, can be interpreted as follows in Eq. 2:

d, _
E*Bhsn (Hh+5h)|h 2)

The rate of change in the number of people infected with
respect to time is [%) influenced by the amount of human
population has been infected because as human virusinfected
human population reduced the number of deaths y,l;and the
number of infected human populations recovered from
outbreaks @l can be interpreted in Eq. 3 as follows:

dilti:YBhlhsn_(“h +o,) I;

r 3)

The rate of change in the number of human populations

recover over time[ﬁj is the difference rather than the

dt
number of people who have recovered from the infection
Suly and pyl; dengan jumlah kematian manusia pulih p.R,
the number of human deaths recovered can be interpreted in

Eq. 4 as follows:
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drR
dithzﬁhlr.*q’hli’uth (4)

Figure 1 can also be interpreted in the form of a
mathematical model that the model is not linear differential
Eq. 5 as follows:

as,

EzuhNh_BhSn_YBhlh&_uh& (5)

d, _
E_Bh& (Hh+6h) Iy

dl,
a=vﬁh|h3n _(P-h +(Ph) l;
dR

TchShlh +oul Ry,

With Ny, (t) = S, (t)+1, (6)+1(t)+R,(t) or:
Ri(t) = NL (0)-(Sp (0)+1,(0)+1,(1))

The system of Eq. 5 is not linear differential equations to
model SIR of TB. The resulting model can be simplified by
assuming the following fractions:

KO =, y(0) = 1 and 20 =

So the human population model for the transmission of
TB disease can be simplified as shown in Eq. 6:

d
axzun = BrX —YBrXY — 1y X (6)

d
d*i/:l?’hx*ay

gz_ BLXy —nz
dt YPn n

Wlth o= “h+6h dan n= Llh+(.|)h.

SEIR model formulation for TB: Changes that occur in every
human population on the transmission of TB disease for SIR
model can be interpreted in the form of Fig. 2.

Fig. 2: Human population for TB transmission with SEIR model

The rate of change in the number of people who easily
infected with respect to time is [(:TSFJ affected by the number
of births human population is p,N;, reduced the number of
people infected by the virus directly B.S,, the number of
people showing symptoms of infection o,,S,, and the number
of healthy human beings who die .S, can be interpreted in
Eq. 7 as follows:

%:“hNh7(°h+Bh+Hh)% 7)

The rate of change in the number of people who show

symptoms of infection over time is[ﬁ) affected by the

number of people showing symptonits of infection @S,
reduced the human population has been infected because the
virus directly ¢,E;, the number of human population has been
infected because the virus from infected humans yo,|,E, and
the number of deaths of human populations p,E;, berikut can

be interpreted in Eq. 8 as follows:

dE
jzchsn_yq)hlhEh_q)hEh_“hEh (8)

The rate of change in the number of people infected by
the virus of the time (%) is influenced by the amount of
human population has been infected because the virus
directly B,,S,, and the number of people showing symptoms of
infection (Exposed) ¢,E, reduced the number of deaths of
infected human population p,l,, and the number of human
populations to recover from an outbreak §,l, can be
interpreted in Eq. 9 as follows:

%Zﬁhsw‘*d’hEh_(Hh*'Sh)lh 9)
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The rate of change in the number of people infected by
the virus from infected humans is [letj influenced by the
human population has been infected because the virus
infected humans reduced the number of deaths of infected
human population p,l, and the number of human populations
to recover from an outbreak @ l, can be interpreted as follows

in Eq. 10:

dI,

dt (10)

= 19,1 By —(1n +0,) 1,

The rate of change in the number of human populations
recover over time[d:t"] is the difference of the number of
people who have recovered from the infection 8,1, and p,; the
number of human deaths recovered R, can be interpreted

in Eq. 11 as follows:

R,
dt

=8yl + puli — iR, (1

Figure 2 can also be interpreted in the form of a
mathematical model that the model is not linear differential
Eq. 12 as follows:

ds,

at =p’hNh_(Gh+Bh+p’h)S1

dE
T: =05, vyl Ey — 0B, — 1 Ey

%:ﬁh% +0,E, — (1, +8,) 1y

dl
dit‘:’y(bhlhEh ’(Hh +(Ph) l;

dR,

ot =8yl + 1yl —k R,

With N (t) = S, (t)+E, (1) +1,(t)+1,(t)+R,(t) or:

Ri(t) = No(O-(SO+EO+H()+1i(D)

The system of Eq. 12 is not linear differential equations to
model the SIR of TB disease. The resulting model can be
simplified by assuming the following fractions:

S,

X(O = Y = 20 =L, den u() = >

h
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So the human population model for the transmission of
TB disease can be simplified as shown in Eq. 12 following
Eq.13and 14:

dx

E=uh*ﬁhX*0hX*HhX

du
e G X — YO YU — o U—p,U

d
dixt/:BhX"'(bhu_ay

gz ¢, yu—nz
dt—Yhy n

With:
0 = Yy+dy, danm = ity
RESULTS AND DISCUSSION

Positivity of solutions for SIR model: Since the system 5 is
dealing with population of TB, all the variables and
parameters of the model are non-negative. It was claimed the
following:

Theorem1:Let (S, (t)>0, 1,(t)>0, l;(t)>0, R,(t)>0) the completion
of the system 5 with the initial state (Sgn, lon, low Ron) and
compact setasin Eqg. 15:

D={(%(t), 10, 1), Ry() eREL< Nh)} (15)

To model the system 5, D is a positively invariant set that
covers all settlement in R%,.

Proof: Consider the Lyapunov function candidate for the
following:

L(t) = S+ +R,

Derivative of the function with respect to time satisfied as
in Eq. 16:

(Z—L‘):%HLHHRL

=M, Ny =BrS, =Bl S, — S, +BiS, -
(M, +3) 1, + B 1S, — My +9,) |

+3u1, + @l — R,

= My Ny, —HL (1)

(16)
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Not difficult to prove that in Eq. 17:

%';:uhNh ~uL() <0forL=N,

(17)

Then, from the above Eg. 17, it is known that
dL/dt<0 that means that D is a set of positive invariant.
Conversely, by completing the system 16 is obtained that,
0<L(t) <N, +L(0) ™', which L(0) is the initial condition of L(t)
in Eq. 18.

Therefore, if:

t-o0, 0<L(t)<N,, (18)
and concluded that Dis a set of positive invariant and coverall
of the settlementin R?. This proves the theorem.

This theorem guarantees the existence of TB disease
inan area that was initially not found a virus carrier TB bacteria
then changed after the discovery of the population suspected
but not yet infected, S,(t)>0, infected with TB, I,(t)>0, TB
infected by people who have a positive TB, |,(t)>0 and
recovered human R,(t)>0 from bacteria TB. This theorem also
gives the conclusion that further investigation of TB cases this
stage so that we can identify the stage of disease spread TB to
the endemic phase of SIR model.

Positivity of solutions for SEIR model: Since the system 12 is
dealing with population of TB, all the variables and parameters
of the model are non-negative. It was claimed the following:

Theorem 2: Let (5,(t)>0, E.(t)>0, I,(t)>0, >0, R,(t)>0)
completion of the system 12 with the
(Sons Eon lons loi Ron) @and compact set in Eq. 19:

initial state

D={(S,®, E,®), 1,0, (), R,®<RS, LN, )} (19)

Tomodel the system 12, Dis a positively invariant set that
covers all settlementin R®.

Proof: Consider the Lyapunov function candidate for the
following:

L) = SHEH AR,

Derivative of the function with respect to time satisfied in
Eqg. 20:
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(%‘):%+E;+I;+I{+R;
=U, Ny = (o, +By +Hy) § + 0,5, -
Yol By — 0B —HLEy + B4 S, +
OnEn = (M +6,) 1y + vl B, —
(M +@n) 1 +8u1, + 1 — LR,
= KNy — M, L (1)

Not difficult to prove that Eq. 21:

%‘;:uh L —u,L® <0 forL >N,

(21)

Then, from the above equation it is known dL/dT<0,
that means D is a set of positive invariant. Conversely,
by completing the system 12 is obtained that,
0<L(t) <N, +L(e ™, whichL(0)is theinitialcondition of L(t).

Therefore, if t-, 0<L(t)<N, and concluded that D is a set
of positive invariant and cover all of the settlementin R®. This
proves the theorem.

This theorem guarantees the existence of TB disease in
an area that was initially not found a virus carrier TB bacteria
then changed after the discovery of the population suspected
but not yet infected, S;(t)>0, exposed TB R(t)>0 infected TB,
I,(t)>0, infected TB by people who have a positive TB, I,(t)>0
recovered TB, R,(t)>0. This theorem also gives the conclusion
that further investigation of TB cases this stage so that it can
identify the stage of disease spread TB endemic to the stage
using a SEIR model.

Global stability analysis of the SIRand SEIRmodel: The basic
reproduction number R, of the system found by using the
method of Side'” and Diekmann et a/'é, R, for the system are
in Eq. 22:

Ry = omH, (22)
For SIR model and SEIR model is in Eq. 23:
Ro = Kngna (23)

With & = py+éy, o = Wpt+3, and n = pp+ey,

Global stability of disease-free equilibrium for SIR model:
System 5 always has a disease-free equilibrium
P =(S.1,.S,R;)=(N,, 0,0, 0), whichmeansthedisease will
disappear. This section will examine the behavior of the global
balance of disease-free for the system 5.
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Theorem 3: If Ry<1, then the disease-free equilibrium P* for
SIR model SIR is stable asymptotic global stage in D.

Proof: Suppose candidate Lyapunov function is in Eq. 24:

V() =(S,-S,InS,) +1, +1, +R, (24)

By differentiating function of time obtained by the
following in Eq. 25:

0 —3{1—:"]“; +1+R,
= (U Ny —BS, —v0,1,E — 1S,
[1ZJ+BhSw =k, +3,) 1y +
VBuleSy — My +04) 1 48,1, + ol — R,

= UhNh(1_2j+uhS:1 [1_2]‘*'&‘3; —Haly =Ml —H4Ry,

(25)

UsingtermsB,=0and S = N,, Eq.25 can be rewritten as:

V() =N, | 1-22
®=u [ S,

V(t):UhNh[z_i:—S:]—Uhlh_llhl_Uth
g 20
=-H,N, 7* —Huly =Kol —H Ry,
H ssS, H H H

Therefore, v (<o by using advanced LaSalle™ on
Lyapunov theorem, finite set of defined each settlement is
contained in the largest invariant set S, =S,,R, =0 is a
singleton {P*}. This means that the disease-free equilibrium P*
is the global stage is a stable asymptotic in D. This concludes
the proof.

Global stability theorem SIR model explains about the
stage rather than the presence of TB cases as described in
theorem 1. This step explains that if an individual is infected
with TB but Ry<1. It means will not cause another individual
infected. This means that in the region TB disease can still be
controlled and are at that stage is not alarming.

Global stability of disease-free equilibrium for SEIR model:
System 12 always has a disease-free equilibrium
P =(S,.E.I..II,R)=(N,,00 0,0 whichmeansthedisease
will disappear. This section will examine behavior of global
balance of disease-free for system.
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Theorem 4: If Ry<1, then the disease-free equilibrium P*
for SIR model SEIR is stable asymptotic global stage in D.

Proof: Suppose candidate Lyapunov function is in Eq. 27:

W() = (S, -S,InS,) +E, +1, +1, +R, (27)
By differentiating function of time obtained by the
following Eq. 28:

W(t)—q[l-é]w; 1+ +R)

*

W(t):HnNn _(Gn +Bs +“h)sn + Uy h%_

(Gn +Bs +Hh)3: +0,5, _(Yq’hlh + o, +p‘h)Eh
—BrS, +onE, _(5h +Hh)|h +YulE -
((Ph +“’h)|\ +8,1, +ppli — R,

(28)

Using terms B, = 0, = 0 and S =N,, Eq. 28 can be
rewritten as in Eq. 29:

; S S,
W) =p, N, | 1- aNR [ == [~ M B —Ha 1 — 1y
®M=n ( %Jw ( SJ H Halh —H

W(t):l—thh[z_i_;j‘*’W E,+1y+1i +Ry)
=u,N, (S"S:g)z—uh (E,+1,+1, +R,) (29)

Therefore, W(t)<0 and by using advanced LaSalle™ on
Lyapunov theorem, finite set of defined each settlement is
contained in the largest invariant set S, =S,R, =0 is a
singleton {P *}. This means that the disease-free equilibrium P*
is the global stage is a stable asymptotic in D. This concludes
the proof.

Global stability theorem for this SEIR the model describes
the stages of the existence of TB cases as described in
theorem 2. This step explains that if an individual is infected
with TB but Ry<1. It means it will not cause other
individuals infected. This means that in the region TB
disease can still be controlled and are at that stage is not
alarming.
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Global stability of the endemic equilibrium for SIR model:
Simplify the SIR model of the system of Eq. 5 to obtain the
following Eq. 30:

d(%:thh =BrS, —vBulhS, — 1S,

di
dfthzﬁhsn _(Hh +6h) Iy

dl.
(TtI:YBhIhSn _(P-h +(Ph) l;

(30)

System 30 has an equlibrium point P* = (S, I,’, ;") eD
called endemicequilibriumand satisfied S >0, I, >0, I”" >0
with:

o —(, B+ (BE + 1) o + 24, B (o + B,
S = 2
ZYBh

o P+ Bas VB D0 2B 1By

" 2ya;

and:

" My +((“h +Bh)z(x7(l-1h+[3n)\/(ﬁﬁ +“ﬁ)0‘2 + ZthBha(aJ“Yﬁh))
" 2mp;

The following theorem gives a global explanation of the
endemic equilibrium system 30.

Theorem 5: If R,>1 then the positive equilibrium state of the
system are endemic 30 exists and asymptotic global stage is
stable on D, with the assumption thatin Eq. 31:

(6, +Hy) = ﬁf:"
S =S 31)
((Ph +|.lh) = YIHB*TS"

Ii
with (8,+,) are the rate of infected 1 to recovered human
and the rate of birth/death human population and also
(@ n+uy,) are the rate of infected 2 to recovered human and the
rate of birth/death human population.

Proof: Suppose a Lyapunov function is in Eq. 32:
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V(1) =(S,-S, InS)+ (I, — 1y Inl)+ (1, =17 Inl) — (32)

Derive the Eq. 32 to obtain Eq. 33 the following:

-

Fro Rk

xx

S

]+I'h(l— IT‘*
S I

ol S e SO -
]+uhsn [1— S;* +]Bhsn @ S 1, )+ ¥BulnS,

]“'(Un +5h)|*h* (l_IITrl) +(Hy + @) Ii** (l_ll**]

V(1) :3{1-

*x

. S]
V() =pN,|1-
) =u [ s,

(33)

Substitution assumption in Eq. 31 into Eq. 33 is obtained
Eq. 34:

*k

V(1) =B,S, [1—'“ +1—|'£j+ Bl Sy (1—';— +1- |I*'*’

I h h i

(34)

*

(-1

1
AN

=- BhS:t [(Ih_ll*h)] —+YB:l hS:*

Ihh

Equation 34 ensures that, \'/(t)gofor all (S, (t), E, (1),
I, (t), I, (1))eD and \'/(t)go satisfied fulfilled if and only if
S =S ,1,=1and I, =1".

Then the balance P** is only positive invariant set
of system of Eq. 30 are contained entirely
within - L={(S,®,1,(0,1,()),8, =S, 1, =1}, 1, =1;'}  and
subsequently by asymptotic stability theorem', a positive
balance P** is endemic asymptotic global stage is stable in D.
This proves the theorem.

Global stability theorem for SIR models at this stage to
explain that if an individual is infected with TB disease, R,>1,
then thatindividual will transmit the virus to other individuals.
This means that at this stage of TB disease isendemic because
it nolonger can be controlled and is at an alarming stage, thus
becoming a threat to the human population in the area.

Global stability of the endemic equilibrium for SEIR model:
Simplify SEIR model in the system of Eq. 12 obtain the
following Eq. 35:

d

%:“hNh —(on +By+1y) S,
dE
?h:cyhsn —¥onlhEn — 0B — 1o E,
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%:ﬁhsw"'q’hEh_(Mh"'ﬁh)lh (35)

dl,
E =7¢,1,E, (P’h +,) 1,

System 35 has a equilibrium point

P"=(S ,E I ,1")eD known as endemic equilibrium and
satisfied S >0,E," >0,1; >0,1; >0 with:

_T(TB +4U+28,V)+V* —TB, —
2Y¢h (l‘lh +ﬁh +0h)
T = yH, 9,
U = oyd, (M +8,) (1, +By, +0,)
U= (W, +8,) (1, + ) (1, + By +04)

h

S:* _ Hn = HiBr + ¢ (U, + B, +04) E:
(M, +By +o4) " (M, +8,) (M, +By +0,)

and:

= HuGn — (M + ¢4) (1, +By, +04) E;*
‘ (llh+(Ph) (uh+Bh+0_h)

The following theorem will provide a global explanation
of endemic equilibrium 35.

Theorem 6: If R,>1, then the positive equilibrium state of

endemic system 35 exists and asymptotic global stage is
stable on D, with the assumption that in Eq. 36:

(6 +uh) ﬁhsn +¢h h
S =S
E _E" (36)
(@ +Hp) = YIhIdZE&

with (8,4, are the rate of infected 1 to recovered humanand
the rate of birth/death human population and also (¢, +y;) are
the rate of infected 2 to recovered human and the rate of
birth/death human population.

Proof: Suppose a Lyapunov function in Eq. 37 is:

W(T) = (S, -8, In§) +(E, ~E, InE))+ (I, =1, In1,) + (I, = 17" Inl))
(37)
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Derive the Eq. 37 to obtain 38 the following:

VV(t)—S{ —Ssn*:]—E'h [1—§]+ |'h[1—'|*h*]+|{1_'r]

W(t) = N, — (o, + By, +H,)S, 1, N,

Hx

(o, + By +llh)3*: +Ghsn YR Ey

_(”h _¢n)Eh

(M, +0,) E ByS, + 0,

ke

n%

BuEL L (b, 481

h

Then it have:

W(t) = 1N, (1_ S j"’ S, (1_

S

o, E
c,S, [ —"]+
Eh

Eh _(“h+6h)|h _Bhshli_

+ylh¢hE +

ko

h

- |
-3

*x

o E |
+v41,E, +[l_ e J+y|h¢hEh
Eh I\
= (M +0,) i =719,E,

" o El
1, +0,) 1 +0,E, [1_ Eh*h j‘*’

*
h "h

. E x
HhEh [l_*rlj'*‘(Uh +8h) Ih
Eh

&
Ih

]"’ My + @) I:* (l_ II*'*]

Substitution assumption in Eq. 36 into Eq. 38 is obtained

Eq. 39:

h

W(t) = (1, +8,)1, [1— I'J +(B,S, +9,Ep)

i

(B, S, [+, ) L

[1— 'Iﬂj+(uh Fol! [

*k
Ih
|
i

h'h

n
_Ih)z
r

|h]
= | T
Ih
—v0u!,E, ((I | II ) ]

Equation 39 ensures that W(t)<0 for all (S, (t), E, (t),
I, ©, I ©)eD and W@)=0 fulfilled if and only
and I, =17".

S =S .E=E l=1I

if
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Then the balance P** is only positive invariant set of
system of Eq. 35 are contained entirely within
L ={(S® E® 1,0 L1), 8 =S E=61,=1,1=1"]
and subsequently by asymptotic stability theorem', endemic
positive balance P** is endemic asymptotic global stage is
stable in D. This proves the theorem.

Global stability theorem for SEIR model at this stage to
explain that if an individual is infected with TB disease R,>1,
then thatindividual will transmit the virus to otherindividuals.
This means that at this stage of TB disease is endemic because
itnolonger can be controlled and is at an alarming stage, thus
becoming a threat to the human population in the region.

Korobeinikov® and Korobeinikov and Maini?' have used
the Lyapunov function method for SEIR and SEIS epidemic
models. Syafruddin and Noorani” and Tewa et a/'* have used
the Lyapunov function method for SIRand SEIRmodel dengue
fever disease. Side'” has made mathematical modeling SIR for
tuberculosis disease but has not discussed the SEIR model,
global stabilty and the Lyapunov function method. In this
study, Lyapunov function method is used to SIR and SEIR
model for Tuberculosis disease.

CONCLUSION

This study is acquired two mathematical models in TB
transmission is SIRand SEIR. Both models were analyzed using
Lyapunov function to explain the stability of the global TB
disease. The first and second theorem explains the existence
of TB disease in the region. The third and fourth theorem
describes TB disease-free equilibrium, when the basic
reproduction number Ry<1 and the two last theorem
describes endemic TB disease, when the basic reproduction
number Ry>1. All of theorem has been proved using Lyapunov
function.
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