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Abstract: The study proposes algorithms for the mittag-leffler function to be correctly calculated with a
fractional parameter 1<g<2 in the MAPLE mathematical package.
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INTRODUCTION

The mathematical modelling of fractal processes has
gained widespread currency. Fractal processes are
understood as various processes of natural, economic,
and sociohistorical phenomena with respect to their
fractal properties. A mathematical interpretation of such
phenomena is provided by fractional calculus, the
framework that has been well devised for over three
centuries (Nakhushev, 2003).

A distinctive feature of mathematical constructions
of fractal models 1s the extension of mteger equations to
real ones which brings us to power law solutions. Such
solution 18 often a special entire function of the
Mittag-Leffler type (Leffler, 1905).

Computation of this fimction by definition in systems
such as MAPLE, often produces incorrect results. It
cannot either be computed or yields the wrong answer
due to error. Therefore, this study dwells on the algorithm
for computing this function but first presents some of its
properties.

The Mittag-Leffler type function and its properties: In
study of Leffler (1905) Mittag-Leffler introduced a
generalized exponential function for consideration:
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Here, I'(x) 1s the Euler gamma function. Ratio Eq. 1
shows that if z = 0, the Mittag-Leffler function becomes a
constant B, (0) = 1 and in cases where ¢ = 1, it
becomes an exponent E,(z) = exp(z). For greater detail
on the properties of the Mittag-Teffler function, the reader

is referred to study of Leffler (1905). Study of
Dzherbashyan (1966) examines the Mittag-Leftler type
function:
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Function Eq. 2 1s commonly referred to as the Mittag-
Leffler type function. Tt provides a solution of many
differential equations in fractional derivatives. For
example, the fractal oscillator Eq. 4 including with the
Caputo fractional derivative in this researchers study
(Parovik, 2012):

Pu{t)+cfu(t)=0,1<p<2 (3)
Has the following solution:
u(t) = C1EB,1 (7((9‘[)B ) + CztEB,z (7((Dt)ﬁ)

Where C, and C, are integration constants determined by
initial conditions. Similarly, one can obtain functions of
the Mittag-Leffler type in this researcher’s studies Parovik
(2013, 2014). Notably, there are some properties of the
Mittag-Leffler type function arising from definition Eq. 2:
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Asymptotic expansions of the Mittag-Leffler type
function also hold true at higher values |z|: when |arg
(2)| <o, aye(a/2, &), ae(0, 2), neN we obtain:

H
1

_2 1
B Otk Z|
)|S moy = (a/2,a),ae{0,2),neN 11, we obtain;

n+l
6) whe oy |arg (z

e,

summation with respect to the first item is talken over
those m where the following condition is met:
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Proofs concerning asymptotic expansions of the
Mittag-Teffler type function is to be found in study
(Dzherbashyan, 1966).

Integral representation of the Mittag-Leffler type
function: We assume that B>0. Let us consider the Hankel
contour (loop) y(g, 8) (Fig.1) which comprises three parts
as follows: ray 8 ={ag(§)=-8,[¢|2 ¢} , ray s, ={arz(E)=5/¢ =2}
and an arc of a circle ¢; (0,) ={-3< arg(E)< [&|=¢} . In its turn,
the contour y(g, 8) divides £ into two infimte subdomains:
G%e, &) and G"(e, 8). Study (Dzherbashyan, 1966) shows
that if the conditions 0<e<2er<d<min{r.ma} gre met, the

following integral representations occur:
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An mtegral m ratio Eq. 3 18 computed over each
part of the contour y(e, &) with consideration &= zexp(i3)

for and based on the findings of study
(Gorenflo et al., 2002):
Fop(7) = [K(a.B81,7) dr+
[ P(onfie.0.2)dd. 2 G (5,5),
(5)
1 — fo
Ec,_ﬁ(z)faz“exp(zl ) ‘[ (o B.81,z) dr+

_[ P{o,Be,0.z)dg, ze GU- (8,8)
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Integral representation Eq. 4 comprises two parts
(integrals), the first integral is monotone while the
second one 1s oscillation. Now, we consider a case
where O=<1. Then we obtain that 3=min{roen}=cmr
Therefore, we have:

K{o,pB,om,1,2) =

K{o,pB,r,z7)
_ Ersin(ﬂ(l fB)) -z sin(Tc(l -B+ OL))

o 1’ = 2rz cos{om ) + 2’

Three cases are possible here: |arg(z)|=an, |ars(z)|> ar,
ars (2} < o study of Gorenflo ef al. (2002) establishes the
theorems for these cases. Let us provide the results. In
the first case, the Mittag-Teffler type function can be
computed using the following ratio:
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In the second case:

J.IZ(ot,B,r,z)dr,B<l+ o,

fo
snfe) i LY

1 — 2rzcos{ o)+ 7z
ot

B=1+a,

]:IZ((I,B,r,z)dr-#— T P(o.B.e9,z)do+
Eﬂ ”
22} s

(7)
In the third case:
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Algorithm for computing the Mittag-Leffler type
function: In integral representations Eq. 5-7 an improper
integral 1s of mterest. It can be presented as a defimte
integral. According to study of Gorenflo et al. (2002) let
us, mtroduce a fixed constant q = 0.9 and consider the
following three cases: [7<a.0<a |z>q0<o=l |z>ql<aTn
the first case according to Eq. 2:
Ky S/
E, aslz)= ) ———+1n(z).n(=z
,ﬁ( ) ;F(B+C¢k) ( ) (

ke, =max{ (1-B)/a |+1] In{p(1-|2])} in(|z) |

) <p.

here p is the accuracy of computation, [ J 18 the mteger
part of a number. In the second case:

]:IZ (o, B,r,z)dr = TIZ(Ot,B,r,z)dr +

n(z).

I, :max{ R

n(z) <p.ac (0,e),

z,(—ln(np/6))m}

In the third case with account of property 5 where
m=|of+1 and 0<e/m=1 the Mittag-Leffler type function
is computed by this equation:

mE ( 2™ exp( 2mk/m))

5\_.

for cases:

|z|i = q11|z|i >q
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Computation of the Mittag-Leffler type function using the
mathematical software MAPLE: Suppose that p= 10"
Taking into account the techniques described above and
the Mittag-Leffler type function properties, let us generate
the following procedure MIL1 in the MAPLE programming

language:

MAPLE programming language:
=MIL1 = proc (alpha, beta, x)
local kO, phi, r, rho, r0;
ri:=evalfimax(l, 2*abs(x), trunc(-
In(0.0001 *Pi/&)) alpha)); if x=0 then
1/GAMMA (beta)
elif alpha=1 and beta=1 then evalf{exp(x))
elif alpha=1 and beta=2 then evalf({exp(x)-1¥x)
elif alpha=2 and beta=2 then evalf(sinh(sqrt(x))/sqrt(x))
elif alpha = 2 and beta =1 then evalf{cosh(x"(1/2)))
elif 0<alpha and alpha < 1 then
it abs(xy<0.9 then
kO:=max(trunc((1-beta)/alpha)+1, trunciln(®.0001*(1-abs(x) ) In(abs(x))));
sum(x k/GAMMA (beta+alpha®k), k=0 .. k()
elif abs(x)<trunc(10+5*alpha) then
it alpha*evalf{Piy<abs{evalf{argument(x))) and
0.0001< abs(evalf(abs(argument(x)))-
alpha*evalf(Pi)) then it beta<1-+alpha then
evalfiInt(r"((1-beta)/alpha) *exp(-r"(1/alpha))*(r*sin(Pi*(1-beta))-
x*sin(Pi*(1-beta+alpha)))/(alpha*Pi*(r"2-2*x*r*cos(alpha*Pi)+x"2)),
1=0..r0)) else evalf(Int(r"((1-beta)/alpha)*exp(-r"(1/alpha))*(r*sin(Pi*(1-
beta))-x*sin(Pi*(1-beta+alpha)))/(alpha*Pi* (" 2-2*x*r*cos(alpha*Pi)y+x"2)),
r = L.rO)N+ evalf(Int(0.5*exp(cos(phi/alpha)*
exp(I*(phi*(1+(1-beta)alpha)+sin{phi‘alpha)) )/ (alpha *Pi*(exp(I*phi)-x)),
phi = alpha*evalf(Pi).-alpha*evalf(Pi))
end if’
elif abs (x)<trunc(10+5*alpha) and abs(argument(x))<alpha®*
evalf(Pi) and 0.0001<abs(abs{argument(x))-alpha*evalf{Pi)} then
if beta<1-+alpha then evalfiInt(r"((1-beta)‘alpha)*exp
(" (1/alpha))* (rsin(Pi*(1 -beta))-xc*sin(Pi*(1 -beta+alpha)))
/(alpha*Pi*(r"2-2*x*r*cos(alpha*Pi)+x"2)),
r = 0.1 x"((1-beta)/alpha)*exp (" (1/alpha))/alpha
else evalf{Int(r"((1-beta)/alpha) *exp(-r"(1/alpha)y* (r*sin(Pi*
(1-beta))-x*sin(Pi*(1-beta+alpha)))/
(alpha*Pi*(r"2-2*x<*r*cos(alpha™Pi—2)),
1=0.5 *abs(x)..r0)+simplify
(evalfiInt(0.5%(0.5*abs (x)) (1+(1-beta)/alpha)*exp((0.5*abs(x))"
(1/alpha) *cos(phifalpha))®(cos(phi®(1+(1-beta) alpha)+
(0.5%abs(x)) (1 /alpha) *sin(phi/alpha))+*
sin(phi®(1+(1-beta)alpha)+=(0. 5*abs(x))"(1/alpha) *sin{phi‘alpha)))’
(alpha* Pi*(0.5*abs(x)*exp(I*phi)-x)), phi=alpha*Pi.. -alpha*Pi))+
3%"((1-beta)/alpha)*exp(x"(1/alpha)yalpha
end if else evalf(Int(1”((1-beta)/alpha)*
exp(-r"(1falpha)) *(r*sinPi*(1-beta))-
x*sin(Pi*(1-betatalpha)))/(alpha*Pi*(1"2-2 *x*r*cos(alpha*Pi)ytx"2)),
r =0.5%abs(0)+0.5. r0) simplify (evalfTnt(0. 5% (0. 5% abs(30)+0.5)
"(1+(1-beta)/alpha)
#exxp((0. 3*abs(x)+0.5)"(1/alpha)* cos(phi/alpha)) *(cos
(phi*(1+(1-beta)alpha)+(0.5 *abs(3 0. 53°(1 falpha) *sin(phi‘alpha))+ *sin
(phi*(1+(1-beta)/alpha)y+(0.5*abs(x)r+0.5)"(1 /alpha)*sin({phi/alpha))/
(alpha®Pi* (0.5 *abs(3)+0.5) *exp(I *phi)- ), phi=alpha*Pi..alpha*Pi))+
X"((1-beta)/alpha)*exp (x"(1/alpha))alpha
end if else kO:=trunc(-In¢0. 0001)/In(abs(x)));
if abs(evalf(argument(x)))<0.75*alpha*evalf(Pi) then x"((1-beta)/alpha)*
exp(x"(1/alpha))/alpha-(sum(x"(-k Y GAMMA (beta-alpha*k),k=0..k0))
else simp lify(evalf(-(sumix"(-k) GAMMA (beta-alpha*k), k=0..k0))))
end if
end if
end if
end proc:
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Tn cases where 1<u<2 or m = 2, let us generate an MI.2 procedure:
=ML 2:=proc(a,b,z)

if z= Othen I/GAMMA(D) elif a = 2 and b =1 then cosh(sqrt(z));

elif a=2 and b=2 then evalf(sinh(sqrt(z))/sqrt(z)) elif 1<a and a<2 then
0.5%(ML1(a/2,b,20.5)+*ML1(2/2,b,-2 0.5))

fi;

end proc:

RESULTS AND DISCUSSION

Computation results of the Mittag-Leffler type function:
Example 1: First, we compute the Mittag-Teffler type
function by defimition Eq. 2:

>al: =0.7,al: =0.7

>bl:=1.3bl:=1.3

>z =07,z =07

>t = time(); # computation time; t = 3391.446

> B = sum(z'k/GAMMA(bl+al *k), k = O.infinity);
E = 2.029026906-0.5438226316 107°1

=TIME: =time()-t; TIME = 20.233

Let us compute the same function using ML1:
=tl: = time(); t1 = 3431.95%

=ML1 (0.7,1.3, 0.7), 2.294030341

>TIME = time()-tl; TIME =0

The output in this example shows that the techniques
considered m the study make 1t possible to compute the
Mittag-Leftler type function with singularities.

Example 2: Suppose 1<a<2:

»al:=13,al=13

=bl:=1.3,bl=1.3

>z =07,z=07

>t:=time(), t: = 3432.022

>H: = sum(z k/GAMMA(bl +al *k),k = O.infimty), B
=1.530959770-0.2083825586 1071

>TIME = time()-t, TIME = 464.508

>ML2 (1.3, 1.3, 0.7); 1.707760854

>TIME = time()-t; TIME =0

As can be seen from the foregoing example, the MI2
procedure does not only accurately compute the
Mittag-Leffler type function, but alse does so much faster
than by definition (Eq. 2). Let us consider the following
example.

Example 3:
o«  =al:=06al: =06
« =bl:=2.bl:=2

>z =001,z =0.01
>t =time(); t: = 33391.102
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>H: = sum(Z l/GAMMA(b]l +al *k), k = 0 infinity),
E =1.007036573

>TIME = time()-t; TIME = 0.328

>tl:=time(); t1 = 33391.430

=ML1(0.6, 2, 0.013; 1.007036098
>TIME=time()-t1; TIME = 0

The example here illustrates that the numerical
algorithm for the Mittag-TLeffler type function is
consistent with computations according to Eq. 2.

CONCLUSION

The study has reviewed the computational algorithm
for the special Mittag-Leffler type function with
parameters O<g<2 and p>0. The computation results are
in good agreement with definition of the function
according to Eq. 2. Notably, the speed of computing the
Mittag-Leffler type function 1s greater then that by
definition. This 1s because we have correctly truncated
the infinite series with an error of p. The study could be
considered as a tutorial and recommended for computing
the Mittag-Leffler type function in the MAPLE system.
For more detailed mformation on the computation
algorithm for this function, the reader is referred to study
of Diethelm et al. (2005). Study of Gorenflo et al. (2002)
proposes an algorithm to compute a two-parameter
function of the Mittag-Leffler type.
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