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Abstract: The analysis of Pre-stressed Euler-Bernoulli beam traversed by uniform partially
distributed moving mass is carried out. Equations of motion are solved systematically which
results to the use of finite difference algorithm. Results from the numerical solution are
shown graphically. Tt was observed that amplitude deflection of the moving mass
Pre-stressed Euler-Bernoulli Beam was greater than those of the moving force. Also the
moving force is not an upper bound for the accurate solution for the moving mass problem
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INTRODUCTION

The study of dynamical systems of moving loads have attracted the attention of
several researchers, notably among them are Esmailzedeh and Ghorashi (1994 and 1995), Akin and
Mofid, (1989) and Gbadeyan and Oni (1995).

The analysis of moving loads finds application in several fields in Engineering, Applied Physics
and Applied Mathematics. Detailed analysis of moving loads have been presented in Fryba (1971).

This study do take into consideration, beamns that undergo compression when there is no external
load acting on them. Such beamns are called pre-stressed or inmitially-stressed beams and are of practical
importance. For example they are commonly incorperated in the design of aeroplanss. Advances in
technology have accelerated the utilization of such pre-stressed structural elements. In general an
aircraft that is subjected to a wide range of temperature vanations during flight which may cause
considerable tensile or compressive pre-stressed in the beams when they are fixed in the airplane
direction. It is, therefore of technological interest to investigate to what extent the dynamic response
of the beam is affected by the moving loads.

The study presented in this study is an extension of our earlier paper Adetunde and Akinpehu
(2007) which deals with Dynamical behaviour of Euler Bernoulli beam Traversed by Uniform partially
distributed moving masses. In the present study we extend Adetunde and Akinpehu (2007) by trying
to introduce the pre-stressed term in the governing differential equation to the beam of our
consideration (pre-stressed Euler-Bernoulli beam) The analysis presented in the paper is for simply
supported pre-stressed Euler-Bernoulli beam that should be casily applied to many situations and a
variety of boundary conditions.

The main objectives of this study was tor

+  Present a very simple technique for determining the response of simply supported pre-stressed
Euler-Bernoulli beam traversed by uniform partially distributed moving masses.

¢ Determine the response of amplitude of the deflection of the simply supported pre-stressed
Euler-Bernoulli beam.

+  Determine the variation in the lateral displacement of simply supported pre-stressed Euler-
Bernoulli beam.
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Fig. 1: The diagram of the pre-stressed Euler Bernoulli Beam with mass M
MATHEMATICAIL MODEL

With reference to Fig. 1, a uniform simply supported Pre-stressed Euler Bernoulli Beam of length
L is acted upon imtially at time t = 0s, by mass M over fixed length e of the beam with a specified
constant velocity V. The load is in contact with the beam throughout the motion.

PROBLEM DEFINITION
A simply supported pre-stressed Euler-Bernoulli beam with a moving mass is shown in Fig. 1.
ASSUMPTIONS

= Constant moment of inertia

= Constant mass per unit length of the beam: no damping in the system.

Uniform gravitational field

= (Constant mass moving on the simply supported pre-stressed Euler-Bernoulli beam

=8
I

Boundary/Initial Conditions

aw
W=0ax=0—=0ax=L
X
2 3 2
ma Y:Oatx:L,EIa—\:r—Na—\;r=Oatx=L
ox ox ox
The corresponding initial conditions are
oW

W(x,0)=—==0

THE DIFFERENTIAL EQUATIONS

The partial differential equations governing motion of a simply supported pre-stressed Euler-
Bernoulli beam under the moving mass, M, neglecting the damping, the rotary inertia and shearing force
effect (based on the assumption of the constant inertia) can be written as

ax? ax? a? ax’

i{EIazw(x,t):|+m(x)azw(x,t) Nazw(x,t)zF(x,t) a
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Here E, is the Young modulus of the Elasticity, F(xt) is the load inertia, t is the time, W is the
deflection of the beam, x is the spatial co-ordinate and N is the pre-stressed constant.
The load inertia takes the form described below

1 Mo mv2 PN =1 P (2)
F(xt)= e[ Mg—-MV W(x,t)}{H{x £+ 2] H{x £ ZH
Here

H (x) = {0 %<0 3)

1 x>0
2 2 2
Vzw(x,t)= a W(x,t)+ Na W(x,t)+V2 2 W(x,t)
a2 G oxt

Where,
V = Constant velocity of the load as defined earlier.
H = Heaviside unit function

¢ = Fixedlength of the beam
£ = Length of the load (vt + &/2)

For a particular distance along the length of the beam, as it has been defined above we employ
Dirac Delta function.

8(x—x0)=%[H(x—xo)1 or H(x—x,)
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There three main properties of the Dirac Delta function emploved are

d(t-a)=0t=a (5a)
ja+88(t—a)dt=1 g0 (5B
a—a
Jm F(1)3(t—a)dt =F (a) (5¢)
In other words
S(x—x,)dx =1

L

f(x0)=IOLS(x—x0)dx=f(x0)I0 B(x—x4) 0<%y, %, >L

OPERATIONAL SIMPLIFICATION OF THE GOVERNING EQUATION

By substituting Eq. 4 into Eq. 2 we have:
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1 W (x,t W (x,t W (x.t
F(x,t)_{_Mg_M{ gy Wy W )H{H(x_&gj_H[x_&_zﬂ

(6)

Hence putting Eq. 6 into Eq. 1, we now have the governing equations describing the behaviour of
a uniform Pre-stressed Euler-Bernoulli Beam written as

aZ{EI 62W(x,t)]+ _PWnt)  PW(xt)
ot o

(7

2 2 2
1 Mg M F*W(x,t) +2V6 W(x,t)vzé W(x,t)
€ & axét o

€ €

Hix-&+—|-H x-&-—
lesiuiesd)
Assuming a solution, in the form of a variable separable for the traversed vibration of the beam.

Wix =Y 0 t0%( ®

Where, ¢:(x)’s are the normalized deflection curve for the i* mode of the vibrating umform Pre-stressed
Euler-Bernoulli Beam and Y,(t)’s are the unknown functions of time to be determined.
Now substituting Eq. 8 into Eq. 7 we have:

o)

Yi(t)+ mz¢i (x)Yi(t)- NZYi(t)q""(x) =

i=l

a? =
7 EIZIZM(X)

é{_Mg—M[_zq»i(xmmzv_zqae(xm(mVZZYi(tW(X)” v

s i) rlesg]

Multiplying both sides of Eq. 9 by ¢,(x) and integrating along the length of the bean we have:

Y {t)+md; (x) Y, (t)- NiYi (t)dﬁ(x)} =

> i) (1= 20 4 () 1)
J-L ; B ; ) it 2Viz=1: ! {H[x—@rgJ—H[X—i—gﬂ
° APRILE
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= 0L¢n(x)k;m[i¢ J

By considering the right hand side of Eq. 10, making the following denotations

S I
:——J' ba ( { (x a+§]—H[x—a—§de (10b)
C—_2ZMJ-0L¢H(x)d)i(x){H[x—é-&-%J—H[x—é—%ﬂdx (10c)

o e R B SR a0

€ 0

By solving Eq. 10a-d, we implore integration by parts and Heaviside unit fiinction. We have Eq.

e AL CHRECSIR
e HCEEEHRNCUCHIEE
e 1D UG CHCH R
S UL

Substituting Eq. 10a*-d* into the right hand side of Eq. 9 we have:

10a-d becoming:

ﬂ o (10d)*

[ NN
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[romuam 315
7ZY H [ ]4)1[&] ¢n[§+;]¢i(§+zﬂdg
QMVZY H [ }¢,[é—} d’“[‘i*z]d’i[‘i*zﬂd‘*

o

vZSM R0} {%[é—gjd{é—gj—¢n[§+§]¢'{[é+§ﬂdg

i=1

Now considering the left hand side of Eq. 9, using orthogonality condition, we have:

WZin(t)J-L oz (x)dx +mY;(t)- NZYi (t)-‘-Ltbn (x)op (x)dx fori=n (12)
0 ~ 0

2 el
Where w” = dz[EIZd):; (x)]
dx i=1

Combining Eq. 12 and 11, that is LHS = RHS, we have:

wszi(t)J-OLd)n( dx + mY;( NZY J- (x)op (x )dx =

RIS R
%i:zlwﬂ% [a—gjm(a—g}—%[a+§}¢{a+§ﬂdé+ (13
(t)ﬂ% [é*%

)
MY gj’fi(t)ﬂ% g

fori=n
SIMPLY SUPPORTED BEAM

For the illustration of the result of the foregoing analysis, we consider a simply supported
configuration beam in which

o, (xX) = v2/Lsin{fnnx/L)yn=1,2,3, ... (14
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‘We obtain the set of exact governing differential equation for the vibration of the beam by deriving

exact governing equations by employing Eq. 14 and evaluating the exact values of the integral in
Eq. 9, we finally obtain

M8 e 1 2 Y
Yn(t)+® (t)+N[L} Yn(t)m{ nnéJS_hSIHZLSIH o EHEYJ@)

ne

. . ME .
Cos—=(1+n)Sin—{i+n) |—
L( ) 2L( )

1 [P T I —4d
{(in)cos 3 {i—n)Sin oL (1 n)}-ERZYI(t){

ZY (t){([ }s n(1+n)Smé(1+n)}2Y (t)
{ %(I_HJSH—(I—H)SIHE(I—H)}
__[MJZYI(U{([ ] n2—(1 n)sm“%(i—n)}

(”‘}ZY (t){([ ]Slnz—(lJrn)Sm%(lJrn)l

The Eq. 14 is the exact governing Equation of a simply supported Pre-stressed Euler-Bernoulli

Beam.
For the case of i = n the expression involved should be replaced by ne/21L

(i+n)

(14)

NUMERICAL CALCULATIONS AND DISCUSSION

We now use the finite difference method to solve the above Eq. (14) munerically which now leads
to a system of equations and Visnal Basic programming language was employed. In order to illustrate
the results, the numerical data (Esmailzadeth and Gorashi, 1995, 1994; Akin and Mofid, 1989,
Adetunde, 2003; Akinpelu, 2003) were used for the purpose of comparisons. E=2.07 * 10" Nm™,
[=1.04*10°m", V=12kmnh'!, m= 70 kg,g=98ms ', M=10, 15and 20 kg, t=0.5, 1.0,
158, L=10,e=0.1and 1.0 m, N=0.5, 0.8, 1.0. The results are shown on the various graphs in
Fig. 2-6. Figure 2 and 3 shows the displacement

0.000051 Monving mass

—— Load mass =15

0.00004

0.000034

0.00002+

Difflection

0.00001+

£0.0000 IJ Length of beam

Fig. 2: Displacement response of moving mass for simply supported Euler-Bernoulli Beam for
various values of M
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Fig. 3: Displacement response of moving force for simply supported Euler-Bernoulli Beam for
various values of M
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Fig. 4. Displacement response of moving mass for simply supported pre-stressed beam for various
values of pre-stressed term N
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------- Nmodes = 10
—— Nmodes=15
=== Nmodes =20
1 1 L] 1 1
4 6 B 10 12
Length of beam

Fig. 5: Displacement response of moving force for simply supported pre-stressed beam for various
values of pre-stressed term N

response of the simply supported pre-stressed Euler-Bernoulli Beam for both cases of moving force
and moving mass for different values of M. Clearly, the results show that the response amplitude due
to the moving mass is greater than that due to the moving force. Consequently, the moving force is not
an upper bound for the accurate solution for the moving mass problem. The deflection profile for
various values of Pre-stressed term N for both cases of a moving force and moving mass problems of
the Pre-stressed uniform beam are displayed in Fig. 4 and 5. It was observed that as the Pre-stressed
term increases, the transverse displacement of the beam decreases. Figure 6 shows the comparisons
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Fig. 6: Comparison of the deflection of moving force and moving mass cases for simply supported
pre-stressed beam

between moving force and moving mass for fixed values of m, N and M. It is seen that the response
amplitude of the moving mass is greater than the response amplitude of the moving force.

CONCLUSION

The problem of investigating the dynamical analysis of Pre-stressed Euler-Bernoulli Beam
traversed by uniform partially distributed moving load is studied. Analytical mumerical technique is
used to solve the pertinent initial-boundary value problem. It was observed that:

Amplitude deflection of the moving mass Pre-stressed Euler Bernoulli Beam was greater than
those of the moving force.

The moving force is not an upper bound for the accurate solution for the moving mass problem.
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