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ABSTRACT

There is a relation between variance and covariance of the order statistics of the continuous
uniform distribution, so by using it, we can easily compute the moments of order statistics and
specially the correlation of them. In this study, we present two theorems and prove them after
expressing the general form of some basic moments. In the end, we present appendix consisted of
the applied theorems.
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INTRODUCTION
Let X, X,,.... X, be a random sample from U0, 8,) distribution. We show the order statistic with
X for this sample. We know:

x-0

F()=3

L. g <x<0,
17 Y]

where, the parameter 8,and 8, satisfy in — <0 <8,<ew,
According to the order statistics transformation theorem (Appendix):

d
F(X,;,)=V, ~ Bet(i,n +1-1)

thus:

where, according to identically distributed theorem (Appendix):
d
X(i):(ezfel)vﬁra (1)

Now, since X and (0,-8,) V40, are identically distributed, they have a same density and
moments and have a same moment generating function generally (if exist) (Behbodian, 2003b).
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Therefore, when we intend to compute, for example, variance of X, we can use the variance
of 0,-0,) V.+0,, because they have a equal result.

MOMENTS OF ORDER STATISTICS

Here, we present and prove some important moments of the order statistics of the random
variable X (X~U(0,, 8,)). For universalization this moment to all of the order statistics, this moments
be computed generally. Also these moments are useful to proof of the theorem 1:

E(Xm):w (a)
n+l
s C[iGH D0 [+ G- D+ 201 ] 68+ (n+1- fin+2- O] | ®)
(Ko Xep) = (m+1)(n+2)
where, 1<1<j<n, 1, jeN:
) 7[i(i+1)922+Zi(n+1—1)0192+(n+1—i)(n+2—i)012} ©
EXy)= (m+D(n+2)
_ i(n+1-i)(®, - 91)2 d
V(%)= (n+1)°’(n+2) @
Cov(, X, ~ LI D) ©)

n+1) n+2)

where, 1<1<j<n, 1, jeN:
in+1-7)
Corr(X,,, X)) = }—j(nH_ 5 (f)

According to the above equations, these equations are easily obtainable; as Eq. a, b and ¢ are

where, 1zi<jz<n, I, jeN.

given by using the expectation definition, Eq. 1 and identically distributed theorem. Equation e and
d are given by definition of variance and covariance and using a, b and ¢ and last equation 1s given
by using Eq. e and d. As an example, we obtain equation c.

We know, by using Eq. 1 and identically distributed theorem, it is sufficient to use the
expectation of [(8,-0,) V.46, in stead of the expectation of X* where V.~ Bet(i,n+1-1). Thus we
must compute E(V)) and E(V2):

| . .

B(V) = [ vty = R D
Bli,n+1-1)7 B(,n+1-1)

_Ma+DMn+1-1) — I'ln+D) i

T(n+2) TOMn+1-1) n+l
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also:

ii+1)

= i

thus:

E(X,) = E[(0, -0,)V, + 6] = E[(0, - 6,7 V? +20,(0, - )V, + 6]

_ _ay 2 _ _ _ay ii+1) _ ; 2
= (B, -8, P E(V})+20,(8, -6,)E(V.)+ & =(6,-8) 7(11“)(“2)”91(92 el)nHJre1
B [i(i+1)e; +2in+1-0)8,0, +(n+1-Dn+2- i)ef]

B m+D(n+2)

thus part (c) is true, (Behbodian, 2003a; Mood et al., 1998).
Notice, since 0<Corr(X X ) <1, order statistics of uniform distribution have a positive correlation.
We express the important result of above equations in the follow theorem.

Theorem 1: Let X, X,,.... X be a random sample from U(B,, 8, distribution with order statistics
Ky Kgy Xy, then the follow equation always is true:

n+l-i . n+l
: Cov(X . Ky Bi< 5 (2)
V(X(l)) = V(X(Mpl)) = .
1 . n+l
CovXy. Xy hii> 5

n+l-i
where, 1<1<j<n, 1, jeN.

Proof: We use the above moment equations for prove this theory. We use the part d for prove first
equal in left hand:

m+1-in+1-(n+1-06,-0)°

V(X)) = m+1¥n+2

_itn+1-ixe, -8’

nmen e

Thus the first equal is true. We use the part e for prove second equal.
First we consider ;.n*! . Since ;. 2+*! thatis i<n+1-i, we have:
2 2

in+1-m+1-0)X0,-6)°  i*(9,-6)°

R @Dt 2) “milms2

thus:

. . . a2
n+l-i COV(X(,),X(n+1_,)) — M —
m+1yn+2)

V(Xq)
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Now, if ;,n+1 that is i<n+1-i, we can write:
2

(n+1-Din+1-D@, -8 _(+1-0)*®, -8y

CovE g R ) = A1+ 2) @Dt 2)

hence:

i itn+1-(0, -0
COV(X(I)’X(n+1—J)) = W = V(X(.))

+1-1

and proof is complete.
We know that, if we sort X,X,,...., X as ascendant (so that obtained the order statistics), X

X i1y are the order statistics, so that, with respect to the median X OT:

» and

are concurrent. Indeed, those have equal distance to median and theorem 1 use for such statistics.

Theorem 2: Let X, X,,...., X, be arandom sample from U(Q,, 8,) distribution with order statistics
XXy, Xy Then both following formula are true if 1<i<j<n:

£ % ‘x g )

G Y (St

i 4
X+ X=X + 8 (4)

Proof: FFor prove, we define the order statistics X, and X, with attention te Kq. 1 and condition
1<i<j<n:

4

Xp=06, —6)V, + 6
4

Xp=6,-0)V, +6,

According to the Identically distributed and order statistics transformation theorem (Appendix)
we have:

d
Xy~ Xy =0, - 80V, - V)

and since know (Behbodian, 2003b):

then by using Kq. 1 we can write:
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d d
Koy =Xy =08, =8V, =X, -8

so KEq. 3 is proved. With a little change in this proof, we can prove Eq. 4. According to identically
distributed theorem we have:

d
Xp tXy= (6, -6V, + VJ.) +26

and since we know (Behbodian, 2003b):

d
V‘ + VJ - V(iﬂ)

thus:

d

(6, 0V, + ) +26,= (8, -0V, +20,

by using Eq. 1 we can write:
d d
K +X = (8 -8V, +28, =X, +6

thus Eq. 4 is proved and the proof is complete.

APPENDIX
Identically distributed theorem: Let X and Y; be random variables. If X=Y (or P(X<z) = P(Y<z)
= F(z)) and g(t) be a arbitrary function, then g®)=g(Y). (Behbodian, 2003b, Chapter 1, Theorem 2).

Order statistics transformation theorem: Let X, X,,.... X be a random sample so that has a
probability distribution function (p.d.f.) of the form f and a cumulative distribution function (p.d.f.)
of the form I. We show the order statistics with X, X,,.... X . Let U, U, ....,U be a random sample
from U(0,1) distribution, we show the order statistics it with V,, V,,...,V,. Then we have

{Behbodian, 2003b):

(FG), F(X,0)=(U,U,,..,1,)
* (F(X(n):---:F(X(n))):(VI,Vz,...,Vn)
F(Xyy) - F(X(j))ivk -V ikaj

. V;- Bet(r, n-r+1)
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