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ABSTRACT

After the introduction of fuzzy sets by Zadeh, several researchers were conducted on the
generalization of fuzzy sets. The notion of intuitionistic fuzzy sets was introduced by Atanassov as
a generalization of the notion of fuzzy sets. An intuitionistic fuzzy set for a given universal set is
defined by a degree of membership function and a degree of non-membership function. The notion
of ternary polygroup is a generalization of the notion of polygroup in the sense of Comer. In this
research, we study the concept of intuitionistic fuzzy ternary subpolygroups of a ternary polygroup.
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INTRODUCTION

The theory of algebraic hyperstructures which is a generalization of the concept of algebraic
structures first was introduced by Marty (1934) and had been studied in the following decades and
nowadays by many mathematicians and many papers concerning various hyperstructures have
appeared in the literature. The basic defimitions of the object can be found (Corsini, 1993;
Corsini and Leoreanu, 2003). A hyperstructure is a non-empty set H together with a
map “HxH - P*H) called hyperoperation, where P*(H) denotes the set of all the non-empty subsets
of H. A hyperstructure (H,") is called a hypergroup if the following axioms hold:

o (eyrz=x-(y-zifor all x, v, zeH
« a-H=H-a=H for all acH

If xeH and A, B are non-empty subsets of H, then by A.B, A.x and x.B we mean:

A-B=|Ja-b Arx = A} gnd
A

b x-B = {x}'B
The concept of fuzzy sets was introduced by Zadeh (1965). Let X be a set. A fuzzy subset A of
X is characterized by a membership function p,:X—[0, 1], which associates with each point xeX its

grade or degree of membership p,(x)<[0, 1]. Let A and B be two fuzzy subsets of X, Then:

« A =Bif and only if p,(x) = pg(x), for all xeX

« AcBif and only if p,(x) <pg(x), for all xeX

«  C=AuBif and only if p,(x) = max {p,(x), pg(x)}, for all xeX

+ D=AnBif and only if p,(x) = min{p,(x), ps(x)} for all xeX

*  The complement of A, denoted by A® is defined by pyc(x) = 1-p,(x). for all xeX
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Fuzzy set theory and its applications in several branches of science are growing day by day.
These applications can be found in various fields such as computer science, artificial intelligence,
operation research, management science, control engineering, expert systems and many others, for
example (Ali, 2011; Ayanzadeh et al., 2012; Dehini ef al., 2012; Fatemi, 2011; Saad et al., 2007,
Yufeng ef al., 2011).

Rosenfeld (1971) applied this concept to the theory of groups and studied fuzzy subgroups of
a group (Ersoy et al.,, 2002; Fathi and Salleh, 2009; Massadehss, 2011). Davvaz (1999) applied
fuzzy sets to the theory of algebraic hyperstructures and studied their fundamental properties.
Further investigations are contained in many papers, for example see the list of references.

Definition 1: Let (H,-) be a hypergroup and let p a fuzzy subset of H. Then, p is said to be a fuzzy
subhypergroup of H if the following axiems hold:

o min(u.E)} <inf @) for all x, yeH
» for all x, acH there exists yeH such that *€2'¥ and min{p(a), p(x)}<pu(y)
+ for all x, acH there exists zeH such that *<#'® and min{u(a), wWx)tzu(z)

POLYGROUPS AND TERNARY POLYGROUPS

Application of hypergroups have mainly appeared in special subclasses. For example,
polygroups which are certain subclasses of hypergroups are studied by Comer (1984) and are used
to study color algebra. Quasi-canonical hypergroups (called polygroups by Comer) were introduced
by Bonansinga and Corsini (1982), as a generalization of canonical hypergroups introduced by
Mittas (1972). Some algebraic and combinatorial properties were developed by Comer. We recall
the following definition from Comer (1984). A polygroup is a multi-valued system (p.=e."}) where
“LP—-P and * is a hypercperation from PxP into the family of non-empty subsets of P such that the
following axioms hold:

o (x*y)*z = x*(y*z) for all x, v, zeP
« e*yx=x*e=x
+  xey*zimplies yex*z ! and zey ¥x

Zahedi et al. (1995) defined the concept of fuzzy subpolygroups of a polygroup which is a
generalization of the concept of Rosenfeld's fuzzy subgroups and special case of Davvaz’s for fuzzy
subhypergroups. Let (P} be a polygroup and let p a fuzzy subset of P. Then p is definition said
to be a fuzzy subpolygroup of P if the following axioms hold:

e min{p(x), uy)}<pz) for all x, yeP and for all zex*y
s u(xeplx) for all xeP

The concept of n-ary hypergroup is defined by Davvaz and Vougiouklis (2006), which is a
generalization of the concept of hypergroup in the sense of Marty and a generalization of n-ary
group, too. Davvaz and Corsini (2007) introduced the notion of a fuzzy n-ary subhypergroup of an
n-ary hypergroup. Then this concept studied (Davvaz et al., 2009; Davvaz and Leoreanu-Fotea,
2010a, b; Ghadiri and Waphare, 2009; Kazanci et al., 2010, 2011; Zhan ef al., 2010). A ternary
hypergroup is a particular case of an n-ary hypergroup for n = 3. Davvaz and Leoreanu-Fotea
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{2010b) studied the ternary hypergroups associated with a binary relations. Davvaz ef al. (2011)
provided examples of ternary hyperstructures associated with chain reactions in chemistry
{also, see, Davvaz (2009)).

Let H be a non-empty set and fHxHxH—F*(H). Then { is called a ternary hyperoperation on
H and the pair (H, f) 1s called a ternary hypergroupoid. If A, B, C are non-empty subsets of H, then
we define:

f(A,B.C)= |J f(ab.c)

ach, beB,oeC

The ternary hypergroupoid (H, f) is called a ternary semihypergroup if for every a,,...a,cH, we
have:

f(f(al) g, aS)) ay, a5) = f(a1: f(aﬁ: ag, 34); 35) = f(a1: ag, f(as: ay, 35))

A ternary semihypergroup (H, f) is called a ternary hypergroup if for all a, b, eeH there exist
¥, v, z€H such that:

cef(x, a, binf(a, v, binfla, b, z)

Notice that a ternary semigroup (S, f) is said to be a ternary group if it satisfies the following
property that for all a, b, ¢S5, there exist unique x, y, ze€S such that.

c=f(x, a,b), c=fla, y b}, c=fla,b, 2

A ternary polygroup 1s a multi-valued system <P,f,e,’1> where ecP’, 71 P=P is a unitary operation
and fis a ternary hyperoperation from PxPxP into the family of non-empty subsets of P such that
the following axioms hold:

f (f ((xli CCQ! CCB)! 054, OC5) :f ((xls CCQ: CCS) 064), OC5) :f ((xls CCQ: f (CCS: CC4: CC5)) (1)

for every «,,..., €, eis a unique element such that f(x, e, &) =f(e, x,8) =x for every xeF and

1

e '=e zef(x,x, x,) implies x e f (z, x, ", &, 1), wef(x, " 2 x, and xpe f (x,7", x,71, z).

INTUITIONISTIC FUZZY SETS
We recollect some relevant basic prehminaries and in particular, the study of Atanassov (1986).
Let X be a fixed set. An intuitionistic fuzzy set A in X is an object having the form:

A=<y, (), 4,(0)> | xeXs
where, the functions p,: X—=[0,1] and A,: X—[0,1] are the degree of membership and the degree
of non-membership of the element x € X to the set A, respectively; moreover, O<p, (x)+4,(x)<1 must

hold. Note that a Zadeh fuzzy set, written down as an intuitionistic one, is of the form:

A= {<x, p (o), 1-p, (30> | xeX}
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Let X be a non-empty set and let A = {<x, p,(x), A, (x)>|x€X} and B = {<x, py(x), Ag(x)> | x€X}
be two intuitionistic fuzzy sets. Then:

o  AcBiff p,(x)<pg(x) and A, (0)zAg(x) for all x € X

« A=Biff AcB and BcA

o At={<x A, p(x)>x e X}

o AnB = {<x, min {p,(x), pe(x)},max {A,(x), A(x)}> 1 x € X}
*  AUB ={<x max {u,(x), pp(®)} min {4,(x), x> x e X}
o DA ={<x, (0, 1-p, (x> | xeX}

o oA ={<x, 1-4,(x),4,(x)> | xeX}

For the sake of simplicity, we shall use the symbol A = (u,, A,) or A =(u, ) for intuitionistic
fuzzy set A = {<x, p,(x), A, (x)> | xeX}.

The concept of intuitionistic fuzzy subgroup of a group is introduced by Biswas (1989). Let G
be an ordinary group. An intuitionistic fuzzy A = (u,, A,) set in Gis called an intuitionistic fuzzy
subgroup of G if:

«  min {p,(x), p, )<, (xy) for all x, yeG
o (X <p,(x7h for all xeG

o A xy)emax {4, (x), A0} for all x, yeG
o A (x e, (x) for all xeG

INTUITIONISTIC FUZZY TERNARY SUBPOLYGROUPS

Definition 2: Let <P, f,ef‘> be a ternary polygroup and A = (p, A) be an intuitionistic fuzzy subset,
of P. Then, p1s said to be an intuitionistic fuzzy ternary subpolygroup of P if the following axioms
hold:

¢ minju.pELe@s inf ue) for all xy,zeP

= pux)=u(x"for all xeP
. sup ){p.(z)} <max {ux).uy). @} for all x,y,zeP

aefl2y,2

o px ) =uix) for all xeP
For any fuzzy set p of H and any te[0, 1] we define two sets:
U (u; t) ={xeH | p(x) =t} and Lt) = {xeH | p(x) <t}
which are called an upper and lower t-level cut of p and can be used to the characterization of p.

Theorem 1: Let (P, f, e™') be a ternary polygroup and A = (u, A) be an intuitionistic fuzzy subset
of P. Then, Ufy; t) and L(A; t) are subpolygroups of P for every telm(p,)nImii,).

Proof: Suppoese that A= (p, 4) 1s an intuitionistic fuzzy ternary subpolygroup of P. For every x, v,
el (u; t) we have min {p (), u (y), p @izt and soinf, g, , , {ple)}zt. Thus, for every x, y z, €U (u;
t) we have ()=t . Therefore, f(x, v, z)cU (u; t). Now, if xe U (u; t) then tz>p(x) Since u(x)<u(x™) we
conclude that which implies that x 'eU(y; t).
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Also, for every x, v, z €Lu (u; t) we have max {A(x), A(v), A(z)} and so:

sup {k(a)} <t

oe(x, ¥, Z)

Thus, for every wef(x, v, z) we have Ale)<t. Therefore, f (x, v, z)cL (u; t). Now, if xeL (u; t) then
A (x)<t. Since A(x D <A(x) we conclude that A(x 1)<t which implies that x™' €L, (u; t).

Theorem 2: Let (P, f, e, 7!} be a ternary polygroup and A = (u, 1) be an intuitionistic fuzzy subset
of P such that the non-empty sets U (y; t) and L (4; t) are ternary subpolygroups of P for all te[0,
1]. Then, A = (u, A) 1s an intuitionistic fuzzy ternary subpolygroup of P.

Proof: Assume that for every Ost<1, U (u; t) (#¢) is a ternary subpolygroup of P. For every x, ¥,
zeP, we put t; = min {u (%), pu (¥), u (2)}. Then x, v, zeU (u; t) and so f (x, v, z2)cU(y,; t). Therefore,
for every aef (x, ¥, z) we have p(e)>t, implying that:

min {p (x), ply) pzdt < ind - {p(oo)

and in this way the first condition of Definition 2 is verified. In order to verify the second condition,
let xeP. We put t; = u(x)} Since U(p; t) is a ternary subpolygroup, x' €U (u; t,), which implies that
p(x), <p(x)

Now, suppose that for every O<t<1, L (A; t) (@) is a ternary subpolygroup of P. For every x, y,
z, €P, we put t0 = max {A(x), A(y), A@)}. Then x, ¥, z, e L {y; t,) and so f (x, v, z)cL (p; t,). Therefore,
for every aef (, v, z) we have A{e) <t implying that.

sup {k(a)} ﬁmax{).(x), A(y), k(z)}

elx, ¥, )

and in this way the third condition of Definition 2 is verified. In order to verify the last condition,
let xeP. We put t, = A(x)} Since L (4; t) is a ternary subpolygroup, x ' €L{4; t,), which implies that
AxH<A(x).

Corollary 1: Let ¥ be the characteristic function of a ternary subpoly K of P. Then, K = (35, x°.)
is an intuitionistic fuzzy ternary subpolygroup of P.

Corollary 2: Let (P, f, e, 7') be a ternary polygroup. Then A = (u, A) is an intuiticnistic fuzzy
ternary subpolygroup of P if and only if [ A and ¢A are intuiticnistic fuzzy ternary subhypergroup
of P.

Proof: Suppose that A ={u, A) is an intuitionistic fuzzy ternary polygroup of P. For every x, v, z
in P, we have:

*  min {p(x), p(y), p@)p<inf o o B (@, or

«  min {1-p° (), 1-p° (y), 1-0° (2)}< sUp,¢q o 11-0° (@)}, OF
«  min {1-p° (%), 1-p° (¥), W (@)}< 8UP ey, 5, 1K° (@)}, OF

* SUPuy g o b (0 Tomin (1-p(x ), 1-p° (y), 1-0° ()}, or
* SUPuy g o ik (@€ max (pf (x), pt (y), p(2)}
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Since pis a fuzzy ternary subpolygroup of P, so for every xeP, p(xdop(x™ or 1-pulx Y «l-p(x)
which implies that. The converse alse can be proved similarly.
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